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Aufgabe 1 Coarea formula (4 Punkte)

Let © C R™ be an open set and F : ) — R¥ a C''-submersion, that is, a C''-smooth
map with surjective differential at each point. As a consequence, we have that F(Q2)
is open in R* and that, for every y € F(Q), the set F~!(y) C  is an immersed
submanifold of dimension n — k. Then, for every u € L'(€) with compact support,

/Qu(ac)J(DF(x)dx = /F(Q) /F—l(y) u(z)dS™*dy,

J(DF(x)) = /det(DF(z)DF(z)T)
Compute J(DF') when k =1 and k=n-—1

where

Aufgabe 2 (4 Punkte)

Using the coarea formula to prove the following formulas. Let S*~! be the unit sphere
in R™ centered at 0. If f € C'(R™) , then, for every u € C°(S"™!)

/Snl w()|Vf(z) — (Vf(z) 2)2ldS"  (z) = /[R/Snlﬂ{f:t} u(z)dS™ 2 (z)dt.

If f(z) = w,, then for every u € C°(S"™1),

/ u(z)y/1 — 22dS™1( // x)dS" % (z)dt.
Sn—1 Sn— 1ﬁ{xn7t}
Aufgabe 3 (4 Punkte)

Show that, if u € C°(9B,(0)) for some 7 > 0, then

1
/ u(z)dS™( / / (2)dS™ 2 (1) ——=dt.
8B,(0) —r JoB.(0 ﬁ{mn—t} r2 —t2

Aufgabe 4 (4 Punkte)

Let u : © — R be a smooth function without critical points in €, i.e, Vu(x) # 0 for
any x € €, which implies that T'; = u~!(t) is a hypersurface. Let Qt {z € Qu(x) <
t}, and assume that Vol(§2;) < oo for any t, and that the function ¢ — Vol(£2;) is

smooth. Prove p .
—Vol(2 ——dS,.
dt ¢ ( ) Iy |VU‘ '
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