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1. (2+1 P)

Let u : Rn × (0,∞)→ R be defined by

u(x, t) =
1√

4πtn
e−

‖x‖2
4t .

This function is also known as the fundamental solution of the heat equation. Check that u
is indeed a solution of

∂tu−∆u = 0.

Bonus question: Show that for any continuous and bounded function f : Rn → R

lim
t↘0

∫
u(x, t)f(x)dλn(x) = f(0).

2. (2P) Superposition principle. Show that if u, v ∈ C2(Rn× (0,∞)) solve the heat equation
and α, β ∈ R, then αu+ βv also solves the heat equation.

3. (2P) Suppose ϕ : R2 → R2 is a linear map. Suppose that u : R2 → R solves the linear
parabolic equation

Auxx + 2Buxy + Cuyy +Dux + Euy + F = 0.

Show that û = u ◦ ϕ also satisfies a linear parabolic equation

Âûxx + 2B̂ûxy + Ĉûyy + D̂ûx + Êûy + F̂ = 0.

4. (2P) Let λ be a real number and v : R2 → R a solution of the Laplace equation, i.e.
∆v = 0. Find w : R→ R, such that u : R2 × R→ R defined by

u(x, t) = v(x)w(t)

solves
∂tu(x, t)−∆u(x, t) = λu(x, t).


