POLYLOGARITHM FOR FAMILIES OF COMMUTATIVE GROUP
SCHEMES

ANNETTE HUBER AND GUIDO KINGS

ABSTRACT. We generalize the definition of the polylogarithm classes to the
case of commutative group schemes, both in the sheaf theoretic and the motivic
setting. This generalizes and simplifies the existing cases.
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1. INTRODUCTION

Since its invention by Deligne, the importance of the cyclotomic polylogarithm
and its elliptic analogue increased with each new aspect discovered about it. The
main reason for this is the fact that the polylogarithm remains the only systematic
way to construct interesting classes in motivic cohomology and that its realiza-
tions are related to important functions like Euler’s polylogarithm or real analytic
FEisenstein series. Many results about special values of L-functions rely on the
motivic classes of the polylogarithm and we just mention the Tamagawa number
conjecture for abelian number fields ([HuKi03] and [BuG03]), for CM elliptic curves
([Ki01]) and modular forms ([G06]), or Kato’s work on the conjecture of Birch and
Swinnerton-Dyer ([Ka04]).

It was already a vision of Beilinson and Levin (unpublished) that it should be
possible to define the polylogarithm for general K (7, 1)-spaces, a program realized
to a large extent by Wildeshaus in [Wi97]. There the polylogarithm was defined
for extensions of abelian schemes by tori, a restriction which is unfortunate when
dealing with degenerations, and the motivic construction of the polylogarithm was
lacking.

In this paper we propose a new definition of the polylogarithm which works
for arbitrary smooth commutative group schemes with connected fibres. This is
not quite a generalization of Wildeshaus’ definition (it agrees with it in some spe-
cial cases, e.g. for abelian schemes), but the better functoriality properties of our
definition make this look like the right construction. What is more, and highly
important for applications, we can construct a class in motivic cohomology for our
polylogarithm building on the techniques and results developed in [AHP] and [Ki99].

To explain the novel features in our construction, let us briefly review the defi-
nition of the polylogarithm (as we propose it) in the sheaf theoretic setting. Let S
be noetherian finite dimensional scheme, 7 : G — S a smooth commutative group
scheme with connected fibres of dimension d. Let

H = Hy = RQd*lﬂ'!Q(d) e R717T!7T!Q

be the first homology of the group scheme. This is the sheaf of the Tate-modules
of the fibres. The main player is the universal Kummer extension

0= 7 # — Log) 5 Q=0

on G. Taking symmetric powers Log(™ := Sym™Log(!) one gets a projective system
of sheaves Log. The Log(™ have obviously a filtration whose associated graded are
just the Sym”".#. Moreover, Log has the important property that for torsion
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sections t : S — G one has

o0
t*Log = H Sym".#

n=0
(as pro-objects) which is called the splitting principle. This applies in particular to
the unit section e. The pro-object Log together with the splitting is characterized
by a universal property, which we are able to verify in the sheaf theoretic setting
(Theorem 3.3.2) and under some more restrictive assumptions also in the motivic
setting (see Theorem 4.5.2).

We then turn to the construction of the polylogarithm. Let j : U := G\e(S) — G

be the open immersion of the complement of the unit section. The polylogarithm
is a class

pol € ExtX 1 (2, RmRj.j* Log(d))

whose image under the residue map
Ext%d*1 (A, RmRj.j* Log(d)) == Homg (A, e* Log)

is given by the natural inclusion % — [[ 2, Sym".#. The difference of our
definition to the existing ones in the literature is the use of Rm. In fact it is one of
our main insights that everything becomes much more natural using cohomology
with compact support.

In the sheaf theoretic setting the existence and uniqueness of pol follows from the
vanishing of the higher direct images of Rm Log. In the motivic setting, we cannot
make the same computation. However, analyzing the operation of multiplication
by a € Z we get a decomposition of RmLog into generalized eigenspaces. We get
existence and a unique characterization of pol when asking it in addition to be
in the right eigenspace. By either approach, the classes can easily be seen to be
natural with respect to both S and G. By construction, the realization functors
map the motivic classes to the sheaf theoretic ones.

We would also like to advocate a slight variant of the above definition, which
appears already in [BeLe91] but not so much in other literature on the polylog. For
each Q-valued function a of degree 0 on a finite subscheme D of torsion points one
can define

pol, € Ext?*"1(Q, Rmjp.jphLog(d)).

This class has the advantage of having very good norm compatibility properties,
which are useful in Iwasawa theoretic applications (see [Kil5]).

How can we have a more general motivic construction and still a simpler one?
The main reason is that by the work of Ayoub and Cisinski-Deglise the theory of
triangulated motives over a general base has now been developed to a point that
makes calculations possible. One such is the computation of motives of commuta-
tive groups schemes in [AEH]. The original constructions could only use motivic
cohomology with coefficients in Q(j). All the interesting non-constant nature of
Log had to be encoded in complicated geometric objects. In the case of the classi-
cal polylog, the basic object Log!) had to be defined using relative cohomology -
forcing the use of simplicial schemes in [HuWi98]. We are still missing the motivic
t-structure on triangulated motives, but in our case [a]-eigenspace arguments as in
[Ki99], which generalize [BeLe91], can be used as a replacement. Indeed, also this
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part of the argument is clarified by applying it to objects rather than cohomology
groups. For a complete list of earlier results, see the discussion in Section 6.3.

What is missing in contrast to the cases already in the literature is an explicit
description of the monodromy matrices of Log and pol or the computation of other
realizations.

Organization of the paper. The paper starts with a section on notation; fixing
the geometric situation and also explaining the various settings we are going to
work in.

Section 3 gives the sheaf theoretic construction of Log, including the formulation
of the universal property. Section 4 mimicks the construction in the motivic setting.

From this point on, we work in parallel in the sheaf theoretic and motivic setting.
Section 5 explains the polylogarithm extension and its properties. In Section 6
we relate the present construction to the ones in the literature. The particularly
important case of the cyclotomic polylog is discussed in more detail. Finally, Section
7 provides a couple of longer, technical proofs on properties of Log, which had been
delayed for reasons of readability.

An appendix discusses the decomposition into generalized eigenspaces in general
Q-linear triangulated categories.

Acknowledgements. It should be already clear from the introduction how much
we are influenced by the ideas and constructions of Beilinson-Levin and Deligne-
Beilinson. It is pleasure to thank F. Ivorra and S. Pepin-Lehalleur for discussions.

2. SETTING AND PRELIMINARIES

2.1. Geometric situation. We fix the following notation. Let S be a base scheme,
subject to further conditions depending on the setting. Let

m:G—= S

be a smooth commutative group scheme with connected fibres of relative dimension
d and unit section e : S — G and multiplication p: G Xxg G — G. Let j : U — G
be the open complement of e(S).

Let tp : D — G be a closed subscheme with structural map np : D — S. Most
of the time we will assume 7p étale and D contained in the NN-torsion of G for
some N > 1. Let jp : Up = G\ D — G be the open complement of D. This basic
set up is summarized in the diagram

Up:=G\D2 ~a<2 D

N

S

We will also consider morphisms ¢ : G — G2 of S-group schemes as above. In
this case we decorate all notation with an index 1 or 2, e.g., dy for the relative
dimension of G1/S.

2.2. (-adic setting. Let S be of finite type over a regular scheme of dimension 0 or
1. Let ¢ be a prime invertible on S, X — S separated and of finite type. We work
in the category of constructible Q;-sheaves on X in the sense of [SGA 5, Exposé V]
and its “derived” category in the sense of Ekedahl [Eke90]. They are triangulated
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categories with a t-structure whose heart is the category of constructible Q-sheaves.
By loc. cit. Theorem 6.3 there is a full 6 functor formalism on these categories.

2.3. Analytic sheaves. Let S be separated and of finite type over the complex
numbers. For X — S separated and of finite type, we denote X2 the set X (C)
equipped with the analytic topology. We work in the category of constructible
sheaves of Q-vector spaces on X" and its derived category. There is a full 6
functor formalism on these categories, see e.g. [Di04].

2.4. Hodge theoretic setting. Let again S be separated and of finite type over
the complex numbers. Let X — S be separated and of finite type. We work
in the derived category of Hodge modules on X of Saito, e.g. [Sai88]. It has
a natural forgetful functor into the derived category of constructible sheaves on
Xa2, By [Sai90, Section 4.6 Remarks 2. page 328-329] it also carries a t-structure
whose heart maps to the abelian category of constructible sheaves via the forgetful
functor. Note that this not the better known t¢-structure whose heart maps to
perverse sheaves.

2.5. Motivic setting. Let S be noetherian and finite dimensional. Let X — S be
separated and of finite type.

We denote DA(S) the triangulated category of étale motives without transfers
with rational coefficients.

This is the same notation as in [AHP], our main reference in the sequel. The cat-
egory is denoted DA (S, Q) in the work of Ayoub [Ay07a], [Ay7b], [Ay14]. In the
work of Cisinski and Déglise (see [CD09, 16.2.17]) it is the category Da1 o (Sm/S, Q).

There is a full 6 functor formalism for these categories. In particular, for f :
X — S smooth of fibre dimension d, there is a natural object Mg(X) € DA(S).
In formulas:

Ms(X) = f4Qx = RfiQx(d)[2d] = Rfif'Qs.

Beside the formal properties of DA(S), we also are going to use the existence
of a convenient abelian category mapping to it. Let Shet(Sm) be the category étale
sheaves of Q-vector spaces on the category of smooth S-schemes of finite type. Then
there is a tensor functor

C?(She; (Sm)) — DA(S)
which maps short exact sequences to exact triangles.

Remark 2.5.1. There are a number of different triangulated categories of motives
over S. With integral or torsion coefficients, the differences between them are sub-
tle; and comparison results like the Bloch-Kato conjecture are the deepest results in
the theory. However, the situation is much more straightforward with rational coef-
ficients. For example, we get the same categories when working with the Nisnevich
or the étale topology. Under weak assumptions on S (e.g., S excellent and regular
is more then enough) all definitions agree. In these cases, DA(S) is equivalent to
the categories of motives for the gfh-topoly or for the h-topology, to triangulated
motives with transfers, and to the category of Beilinson motives of Cisinski and
Déglise
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2.6. Realizations. Let DA .(S) be the full subcategory of compact objects. If ¢
is invertible on S, then by [Ayl4, Section 9] there is a covariant étale realization
functor

Ry : DAC(S) — DC(S, @5)
where DA,(S) is the full subcategory of compact motives and D.(S,Qy) is the
triangulated category of the f-adic setting. The functors R, are compatible with
the six functor formalism on both sides and map the Tate motive Q(5) to Q¢ (7).

If S is of finite type over C, then by [Ay10] there is a covariant Betti realization

functor

Rp : DA.(S) = D.(S*,Q).
It is compatible with the six functor formalism on both sides and maps the Tate
motive Q(j) to Q.

At the time of writing this paper, the situation for the Hodge theoretic realization
is not yet as satisfactory. By work of Drew ([Drel3a], [Drel3b]) there is realization
compatible with the 6 functor formalism into categories which are of Hodge theoretic
flavour but a priori bigger than the derived category of Hodge modules. By work
of Tvorra [Ivol4], there is realization into Hodge modules for compact motives over
a smooth base of finite type over C, but without knowledge about the 6 functors.

2.7. Notation. The bulk of our computations will be valid in the various settings
without any changes. We are going to refer to the ¢-adic, analytic or Hodge theoretic
setting by the shorthand sheaf theoretic setting. By triangulated setting we are going
to refer to computations on the level of derived categories in the ¢-adic, analytic or
Hodge theoretic setting as well as in the motivic setting. We denote them uniformly
by D(X).

In any of the above sheaf theories we denote by Q the structure sheaf, i.e., Qy,
R(0). In the motivic setting we denote Q the motive of S. It is defined by the
image of the constant étale sheaf Q.

To avoid confusion, we write Rf,, Rf, etc. for the triangulated functors instead
of f. or fi, which is sometimes used, in particular in [AHP]. The notation f., fi
etc. is reserved for the functors between abelian categories of sheaves.

2.8. Unipotent sheaves. Let S be the base scheme and 7 : X — S separated and
of finite type.

Recall that a sheaf % on X is unipotent of length n, if it has a filtration 0 =
Frtlc gnc ... C F° =7 such that #!/FH! = 7*G? for a sheaf 4 on S.

In any of the triangulated settings above, we call an object M € D(X) unipotent
if there is a finite sequence of objects My — My — ... M, = M and exact triangles

M; 1 — M; — F;Ni.
Lemma 2.8.1. Let m; : X1 — S and o : Xo — S be smooth of constant fibre
dimension dy and da. Let f : X1 — Xo be an S-morphism. Let M € D(X3) be

unipotent. Then
f'M = f*M(dy — dy)[2d; — 2da).

Proof. Put ¢ = di — ds the relative dimension of f. We start with the case M =
w5 N. In this case

f'M = f'75N = f'myN(—ds)[—2ds] = ) N(—ds)[—2ds]
=mN(c)[2d = f*m3N(c)[2c] = f*M © Q(c)[2d].
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In particular, f'Q = Q(c¢)[2¢] and we may rewrite the formula as

fFMefQ=f(M®Q).

There is always a map from the left to right via adjunction from the projection
formula

RA(f*M® Q) =MeRfifQ— Mo Q.
Hence we can argue on the unipotent length of M and it suffices to consider the

case M = w*N. This case was settled above. O

Let X — S be a smooth scheme with connected fibres and e : S — X a sec-
tion. Homomorphisms of unipotent sheaves are completely determined by their
restriction to S via e*:

Lemma 2.8.2. We work in the sheaf theoretic setting. Let m: X — S be smooth
with connected fibres and e : S — X a section of ™ and F a unipotent sheaf on X.
Then

e* : Homx (Q,.#) — Homg(e*Q, e*.%)
18 injective.
Proof. Let 0 — %1 — %3 — %3 — 0 be a short exact sequence of unipotent

sheaves on X. By exactness of e* and left-exactness of Hom we get a commutative
diagram of exact sequences

0—— HOH’IX(Q, ﬁl) - HomX(Q7 92) - HomX(Q7 93)
0 —— Homg(Q, e*.#1) —— Homg(Q, e*.%3) — Homg(Q, e*.73)

If injectivity holds for .%#; and %3, then by a small diagram chase it also holds for
Z5. Hence by induction on the unipotent length it suffices to consider the case
F =n*9. We claim that we even have an isomorphism in this case. It reads

Homx (7*Q,7*¥) — Homg(Q, e*7*¥) = Homgs(Q, 9).
As 7 is smooth, the left hand side is
Homy (7'Q, 7'%) = Homg(Rm7'Q,¥).

Recall that HORm7'Q is fibrewise O-th homology of X. As we assume that 7 has
connected fibres, this is isomorphic to Q. Hence

Homg(H°Rm7'Q, %) = Homg(Q, ¥).

This proves the claim. O

3. THE LOGARITHM SHEAF

We work in one of the sheaf theoretic settings described in Section 2 and in
the geometric situation described there. In particular, 7 : G — S is a smooth
commutative group scheme with connected fibres of dimension d.
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3.1. Definition of the logarithm sheaf.

Definition 3.1.1. For the group scheme 7 : G — S we let
H = Hy = R2d717T!Q(d) =R 'm7'Q.
The formation of % is covariant functorial for S-group homomorphisms ¢ :
G1 — G5. The adjunction ¢0'Q — Q induces by applying Ry a map of sheaves
(1) o1 He, — He,.

Using the ”Leray spectral sequence” for Rmm'Q (i.e., the spectral sequence for the
canonical filtration) we get

0 = ExtL(Q, #) = ExtL(x'Q,m'#) — Homg( A, #) —

— EX‘E%(Q,%) 7r—l> EXté(TF!Q, 77!%”)

and the maps 7' are injective because they admit the splitting e' induced by the
unit section e. This gives

2) 0 = ExtL(Q, #) & ExtL(r'Q, 7' #) — Homg (A, #) — 0.
Note that Extg(n'Q, 7' = Extg(Q, 7 ).

Definition 3.1.2. The first logarithm sheaf (Log™,1(1)) on G consists of an ex-
tension class
0= 7 — LogV) - Q=0

such that its image in Homg (7, ) is the identity together with a fixed splitting
1M e*Q — e*LogW).

We define

Log™ := Sym" Log"

and denote by 1™ the induced splitting Sym™ (1)) : Q — Log™.

The existence and uniqueness of (Liogg;1 ),1(1)) follow directly from (2). The
automorphisms of Log™") form a torsor under Homg(Q, 7*.5#). In particular, the
pair (Eog(l), 1(1)) admits no automorphisms except the identity.

Consider Log™™) — Log™") &Q induced by the identity and the natural projection
Log) — Q. We define transition maps

Log " 22 §ym"™ 1 LogM) — Sym" T (LogM Q) — Sym™ LogM @Sym!' Q = Log™,
induced by the canonical projection. Under these transition maps 11 is mapped
to 1 and one has an exact sequence

0 — m*Sym"™.# — Log™ — Log™™ V) — 0.

This implies that the sheaf Log(™) is unipotent of length n with associated graded
@ _, 7 Sym” . The section 17 induces an isomorphism

n
(3) e*Log™ = H Sym" .
k=0
Definition 3.1.3. The logarithm sheaf (Log,1) is the pro-system of (Log(™,1(™)
with the above transition maps. The unipotent filtration is given by the kernels of
the augmentation maps
Log — Log™.
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For later reference, we also explain an explicit construction of Log™") as the
universal Kummer extension. It is this point of view that will be used in the
motivic case.

Note that the unit section induces an isomorphism Q — R%m7'Q and a splitting

(4) RT(!TF!Q% QEBTS_lRT(!T(!Q.

We apply this to the G-group scheme G = G x G with structure map @ = 7 x id.
Its unit section is € = e x id. The diagonal A : G — G x G is a morphism of
G-schemes, hence A induces a natural morphism of functors

id = RmRA\A'T — Rz,
which we apply to Q. Together this yields a natural map in D(G)
(5) Q — Rn7'Q — 7« 1 Rm7'Q — R™'A7'Q[1] = 7*#[1].

Lemma 3.1.4. The above composition (5) of morphisms in D(G) agrees with
LogV) as element of Exté(Q,w*%ﬂ),

Proof. Let L be extension class in the Lemma. By Definition 3.1.2 we have to check
that

(1) e*(£) =0 (the l-extension is split),

(2) the image of £ in Homg(.#7, .7¢) under the map induced from the Leray

spectral sequence is the identity map ¢ — 2.

The first statement is true by construction because the restriction of A and € to
the unit section is the unit section e. The splitting of e*L is the one induced from
é.

We turn to the second statement and review the construction of the map to
Homg (2, ). We view [£] in Homg (7' Q, 7' 2#[1]). Using the adjunction between
7' and Rm amounts to the composition

Rm7'Q Ame, Rmra' (1] — (1]
The map “given by the Leray spectral sequence” is the one obtained by precom-
posing with
TS_1R7T17T!Q — R7r17r!Q.
The result naturally factors via
] — H1]
for degree reasons. The map RmL is induced from

RmQ =R R(m x m)Q = RmQ ® RmQ — RmQ ® J[1].

We compose with Rm7'Q — Q in the first factor. This agrees with projection to
the second factor of G x G, i.e., to the map induced by the identity. O

3.2. Functoriality and splitting principle. We collect some fundamental prop-
erties of the logarithm sheaf.
The first important property is the functoriality. Let
Q: G1 — Gy

be a homomorphism of group schemes of relative dimension d;, ds, respectively,
and ) : HG, — e, be the associated morphism of the homology.
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Theorem 3.2.1 (Functoriality). Let ¢ := dy — dg be the relative dimension of the
homomorphism ¢ : Gy — G2. Then there is a unique homomorphism of sheaves

wu : Loga, = ¢*Loga, = <P!£09Gn (—c)[—2c]

such that 1g, maps to 1a, and which respects the canonical filtrations on both sides.
The induced map on the associated graded

grpu @ T Sym" s, — @ 71 Sym" A,
n>0 n>0

coincides with Sym'py. If ¢ is an isogeny one has o4 : Loga, — ©'Loga,-
Proof. We are going to define a homomorphism
£og(Gnl) — @*Eogg;).

Assuming this, the right hand side agrees with wlﬁog(GZ)(—c)[—Qc] where ¢ = d; —ds
by Lemma 2.8.1.

As ¢* is compatible with tensor products, it suffices to prove the statement for
Log™M. The sheaf <p*£0982) defines an extension class in Extél(Q,ﬂ‘ijQ). The

push-out of Loggl) by o1 1 A, — He, defines also a class in this Ext-group and

from the definition one sees that these classes agree. Hence, one has a map of
extensions

0 —— mj Ay, —— £oggl) Q 0
“| | |
0 —— mjHe, —— go*EoggZ) Q 0.

Taking the pull-back by e} and using purity one gets a splitting
ej(h)o lgl) :Q — eTﬁoggl) — eZEogé}g.

By uniqueness there is a unique isomorphism of the pair (50982), ej(h)o 181)) with
(,Coggg, 182)) The composition of this with & gives the desired map.

The difference of any two maps h,h’ : Eoggl) — ga*[,oggg induces a homomor-
phism h — k' : Q — 7, which by Lemma 2.8.2 is uniquely determined by its
pull-back ej(h—h') : Q — egﬁoggz). If h and I/ are compatible with the splittings
the map ej(h — k') has to be zero, so that h = h'. O

Corollary 3.2.2 (Splitting principle). Let ¢ : G1 — G2 be an isogeny, then
pu : Loga, — gp’ﬁog%
is an isomorphism. In particular, if t - S — Gy is in the kernel of v, then

t*Loga, = H Sym" 7%, .
n>0

Proof. By Corollary 3.2.1 the map gryx is an isomorphism as ¢ : Hg, — g,
is already an isomorphism (recall that we have Q-coefficients). From this one sees
that @4 : L'oggll) — @lﬁogg;)
the isomorphism ' Logg, = t'¢'Loga, = (e2)'Logg,. By purity or more precisely
Lemma 2.8.1 we get t*Logg, = (e2)*Loga, = [],,>0 Sym" Ha,. O

is an isomorphism. Applying t' gives, as p ot = es,



POLYLOGARITHM FOR FAMILIES OF COMMUTATIVE GROUP SCHEMES 11

3.3. Vanishing of cohomology. The second property of the logarithm sheaf con-
cerns the cohomology, which is important for the proof of all other properties and
the definition of the polylogarithm.

Theorem 3.3.1 (Vanishing of cohomology). One has

, —d) i=2d
leﬁogg{?( ) i#2d

Let G be an extension of an abelian scheme of relative dimension g by a torus or
rank r. Then I is a locally constant Q-sheaf of dimension h := dimq J€ = 29+,
and one also has .
. Y i=h
R'm.Log = A Z
0 i1#h
where 7Y = Homg (52, Q) is the dual of 7.

The proof of this theorem will be given in Section 7, see Corollary 7.1.3 and
Corollary 7.1.6.

The sheaf Log can also be characterized by a universal property. Let % be a
unipotent sheaf of some finite length n on G. Consider the homomorphism

(6) m.Homy(Log, F) — e* F
defined as the composition of
mHome(Log, F) — meewe*Home(Log, F) — Homg(e* Log, e* F)
with
Homg(e* Log, e*.F) 7, Homg(Q,e*F) 2 e" F.
The same composition on the derived level defines a morphism
(7) Rm,.RHom(Log, F) — e*F
Theorem 3.3.2 (Universal property). Let % be a unipotent sheaf, then the map
(6) induces an isomorphism
m.Hom(Log, F) = e* F.

Let M be a unipotent object in the derived category of sheaves D(G). Then the
morphism (7) is an isomorphism

Rm,RHom(Log, M) = e* M.

As a consequence the functor # — I'(S, e*%) is pro-represented by Log.

Proof. Tt suffices to treat the triangulated version. Indeed, if M = .% is a sheaf,
then e*.% is concentrated in degree 0, and hence
Rm.RHom(Log, #) = m.Hom(Log, F).

We will show the theorem by induction on the length n of the unipotent object
M. We start in the case n = 0, M = 7#*N. We claim that the natural map is an
isomorphism

Rrn.RHom(Log,7*N) = N
Writing 7* N 2 7' N(—d)[~2d] then one has by adjunction and because RmLog =
Q(—d)[-2d]
Rr.RHom(Log, 7" N) = RHomg(RmLog, N(—d)[—2d]) = RHomg¢(Q, N)
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As Homg(Q, N) 2 N is the identity functor, the claim follows.
Now assume that the theorem is proven for unipotent objects of length n — 1
and let M be unipotent of length n. Then we have an exact triangle

M —- M — M"

with M’ and M” unipotent of length less than n. We get a morphism of exact
triangles

Rn.RHom(Log, M') —— Rm,RHom(Log, M) —— Rm,.RHom(Log, M")

| | |

e* M’ e*M e*(M").

By induction the outer vertical morphisms are isomorphisms, hence the same is
true in the middle. [l

4. MoTivic LOGARITHM

We work in the motivic setting described in Section 2 and the geometric situation
described there. In particular, let S be noetherian and finite dimensional. Let
X — S be separated and of finite type. Recall that we work in the category
DA(X) the triangulated category of étale motives without transfers with rational
coefficients, see Section 2.5.

4.1. Motives of commutative group schemes. Let G/S be a smooth commu-
tative group scheme with connected fibres of relative dimension d. The group G
defines two natural étale sheaves of Q-vector spaces on the category of smooth
S-schemes:
e on the one hand T' — Q[G(T)]; its image in DA(S) is the motive Mg(G).
e on the other hand T — G(T) ® Q. Following [AHP, Definition 2.1, 2.3] we
write G for the étale sheaf and M;(G) for its image in DA(S).
The summation map Q[G] — G induces a natural map Ms(G) — M;(G).

Let kd(G) be the Kimura dimension of G (see [AHP, Definition 1.3]). It is at
most 2d. The main result of [AHP] (see loc.cit. Theorem 3.3) is the existence of a
decomposition

k(@)

0 Ms(G) = @ M (6)

which is natural in G and S. Moreover, we have
M, (G) = Sym" M, (G)

and the isomorphism in (8) is an isomorphism of Hopf objects. The motive M, (G)
is uniquely determined by naturality.

By [AHP, Section 5.2] the image of M;(G) under the (covariant) ¢-adic realiza-
tion is J#[1] where .7 is the relative Tate-module of Definition 3.1.1. Its image
under the Betti-realization is the relative first homology R~'m7'Q[1]. This moti-
vates the following definition:

Definition 4.1.1. Let G/S be a smooth commutative group scheme with connected
fibres. Let 7 := ;5 € DA(S) be defined as M; (G)[—1].
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4.2. Kummer motives.

Definition 4.2.1. Let G/S be a smooth commutative group scheme with connected
fibres. Let s : S — G be a section. The Kummer motive K(s) given by s is the
image of the complex of étale sheaves

Qs = Gyl

(with Qg in degree 0) in the category DA(S). The Kummer extension of s is the
natural triangle
Heys — K(s) = Qs = Hgys(l]

This defines a natural group homomorphism (the motivic Kummer map)

G(S) — Hompa(s)(Qs, #5/s[1]) -
It maps the unit section to the trivial extension. More precisely, C(e) is the image
of the complex of étale sheaves [Qg RN Gp), hence the natural inclusion [Qs —
0] — [Qs 2 G| induces a distinguished splitting

K(e) = Qs © g s[—1]

Remark 4.2.2. It may seem strange at first glance that the motivic extension
Log™M has a distinguished splitting, whereas the Log(!) sheaf has not. In fact, there
is a unique splitting of the sheaf theoretic version of Log(!), which is compatible
with all isogenies (see [BKL14, Section 1.5.] for an elaboration). This splitting
coincides with the motivic splitting under the realizations.
Lemma 4.2.3. The Kummer extension is given by the projection

Ms(s)
—=

Ms(S) Ms(G) = @Mi(G) = My (G) = Agys(1]

under the decomposition of [AHP].

Proof. By construction in loc.cit. the map Mg(G) — M;(G) is induced from the
morphism of étale sheaves Q[G] — G. Also by construction s : Mg(S) — Ms(G)
is induced from s : Qg = Q[S] — Q[G]. Hence the composition is induced from
Qs — G- ]

Remark 4.2.4. Let ¢ be a prime invertible on S. Then the realization of the
Kummer extension is the f-adic Kummer extension

0> —K(s) —>Q —0
in Extg(Qy, ). We do not go into details because we will not need this fact.

4.3. Logarithm sheaves. Let G/S be smooth commutative group scheme with
connected fibres.

Definition 4.3.1. Consider G xg G — G via the first projection. Let A : G —
G x G be the diagonal. We put
LogM) = K(A) € DA(G)

together with the splitting 1) : Q — e*Log(!) given by e*K(A) = K(e) as before.
We define
Log™ = Sym" Log™V)
and denote by 1(™) the induced splitting Sym™ (1)) : Qg — Log™.
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We first establish the basic properties analogous to the sheaf theoretic case.
Lemma 4.3.2. The section 1 induces isomorphisms e* Log(™) — d., Sym‘.#
and €' Log™ — @I, Sym' A (—d)[—2d].

Proof. The case n = 1 was discussed above. Passing to symmetric powers, we get
Sym" Log!) = é Sym'Qg ® Sym™ ".#
i=0
as claimed. The statement on e'Log(™ follows by Lemma 2.8.1. (]
Proposition 4.3.3. For n > 1 there is a system of exact triangles in DA(G):
Sym"n* A s — Log™ — Log™Y |
Proof. Consider first the case n = 1. By definition, we have a distinguished triangle
Haxaia — LogM — Qs .
By compatibility of M;(G) with pull-back (see [AHP, Proposition 2.7]) we have
™M, (G/S) = M1(G x G/G) .
This finishes the proof in this case. We abbreviate 7 for both ¢, s and 7* #5 . q/a-

Recall that Log™ is the image of a complex @(”) of étale sheaves on G. The

complex @(1) has a filtration
0— 7 — Log" — Qg — 0

in the abelian category of complexes of étale sheaves. Hence the symmetric powers
also have a natural filtration (for full details see [AEH] Appendix C). Its associated
gradeds are

Sym’ () ® Sym’ Qg = Sym'. 7 .
In the same way as in the ¢-adic case, see the discussion before Definition 3.1.3, we
get short exact sequences of complexes of sheaves

0 — Sym"# — @(”) — @(”_1) —0.
We view them as triangles in DA(G). O
4.4. Functoriality.

Theorem 4.4.1. Let ¢ : G; — G2 be morphism of smooth group schemes with
connected fibres over S. Let ¢ = di — do be the relative fibre dimension. Then there
is a natural map

Pp Eogg? — @*Eog&) = ga!ﬁogg;)(—c)[—%}.

Proof. We construct the map to go*ﬁogg?. By Lemma 2.8.1 one has w*ﬁogg;) =

Lp!Eogg;)(—c)[—Zc]. As ¢* commutes with tensor product, it suffices to treat the
case n = 1. We have the commutative diagram

G1 i)GHXGl

o| |¢

G2 i)G’QXG’Q
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ie, Ag, € G; X G1(G1) is mapped to Ag, € Ga X Go. This implies that the
diagram of sheaves on G commutes

QG] —— Gl X Gl(@ = 7T51Q1Q

idJ/ lﬂélw
QO*QGE —_— @*GQ X GQQ = W&z@(@
We take the image of this diagram in DA(G;). The statement follows because
©*M1(G2) = My (¢p*G2) = M1(G1) by [AHP, Proposition 2.7]. O
Corollary 4.4.2 (Splitting principle). Let ¢ : G1 — G2 be an isogeny, then
Pp 5092?1) — go!ﬁogg?
is an isomorphism. In particular, if t : S — G is in the kernel of ¢, then
t*Loga, = H Sym" 74, .
n>0

Proof. As ¢* is compatible with tensor product and exact triangles, it suffices to
show @* g, = S, or equivalently ¢, = J#;, as motives on S. This holds by
construction because Gog = G- The rest of the argument is the same as in the
sheaf theoretic case, see Corollary 3.2.2. O

4.5. Vanishing of cohomology. The second property of the logarithm sheaf con-
cerns the vanishing of the cohomology, which is important for the proof of all other
properties and the definition of the polylogarithm.

Theorem 4.5.1 (Vanishing of cohomology). Assume that S is a scheme of char-
acteristic 0 or that G/S is affine. One has

RmLog = Q(—d)[—2d]

The proof of this theorem will be given in Section 7.2.

As in the sheaf theoretic case, this implies a universal property of the motivic
logarithm. Let M be a unipotent sheaf of length n on G. In the same way as in
the case of sheaves (see equation (6)) one has a map

9) Rm.RHom (Log, M) — e* M.

Theorem 4.5.2 (Universal property). Let S be a scheme of characteristic O or
assume that G/S is affine. Let M be a unipotent motive on G, then the map (9)
induces an isomorphism

Rm,.RHom(Log, M) = e* M.

Proof. The argument is the same as in the sheaf theoretic case, with Theorem 4.5.1
replacing Theorem 3.3.1. (I

4.6. Realizations.
Proposition 4.6.1. (1) Assume the prime £ is invertible on S and S of finite
over a regular scheme of dimension 0 or 1. Then the £-adic realization Ry

maps the motivic Coggb) to the {-adic Eoggl) as defined in Section 3.1 .
(2) Assume S is of finite type over C. Then the Betti realization Rp maps the

motivic Logg) to the constructible £oggL) in Section 3.1
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Proof. The argument is the same in both cases. By construction it suffices to
consider the case n = 1. We use the description of the Kummer extension for A
given in Lemma 4.2.3. After applying the realization functor (which commutes
with all 6 functors), we obtain the same class as constructed in Equation (5). By
Lemma 3.1.4 this is Log(?) in the realization. (Il

Remark 4.6.2. The same argument will also apply in the Hodge theoretic setting
once we have a realization functor compatible with the 6 functor formalism. See
the discussion in Section 2.5 on the state of the art.

5. THE POLYLOGARITHM SHEAF/MOTIVE

Unless stated otherwise, we work in the sheaf theoretic and in the motivic setting
in parallel. The pro-sheaf Log = (ﬁog("))nzo is the one of Definition 3.1.3 and
Definition 4.3.1, respectively.

5.1. Residue sequences. As before let tp : D — G be a closed subscheme which
is étale over S and contained in some scheme of torsion points G[N]. Of particular
interest is the case D = e(S). Recall the localization triangle attached to jp :
Up — X < D :p. For any .# it defines a connecting morphism

RmRjp.jpF[-1] — RmLDIL!Df = ﬂDgL!Dﬂ .

We apply this to .# = Log\™)(d)[2d]. This is unipotent, so by Lemma 2.8.1, we
may replace L!D by ¢7,. Moreover, recall the sheaf theoretic and motivic splitting
principles 3.2.2 and Lemma 4.4.2, respectively. Together we have a canonical iden-
tification

7TD!L!D£Og(n) (d)[2d] = @ WD!Symiﬂ'E,%”.
i=0

Definition 5.1.1. The composition of the above morphisms

RmRjp.jhLog™ (d)[2d — 1] — wpit’y Log™ (d)[2d] = @ﬂDgSymiﬂ'E%f
=0

is called residue map at D.

The residue triangle also induces a connecting homomorphism, also called residue
map,

n
Exty (7, RmRjp.j5Log™ (d)) — Homg(.Z, @ T Sym'nh H).
i=0
Lemma 5.1.2 (Functoriality). The residue map is functorial. More precisely, let
¢ : G1 — G4 be a morphism of smooth group schemes with connected fibres over S.

Let D1 C Gy and Do C Go be closed subschemes étale over S such that o(D1) C Ds.
Then the morphism

g+ Logl? (dy)[2d1] — @' Logls) (da)[2dy)]
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of Theorem 3.2.1 and Lemma 4.4.1, respectively, induces a morphism of exact tri-
angles

R Logl) (d)[2dy — 1] ——— RoiRjp,.jp, Loge (dh)[2dy — 1] —— Ryup, @, Sym'nh, #z,
| o | |
Logi(do)[2ds — 1]  ———  Rjp,ujp,Loghi’(ds)[2ds —1] —— ip, @, Sym'n), #e,

Proof. Let ¢ be the relative dimension of G over G5 and denote by Up, the com-
plement of D; and by U,-1p, C Up, the complement of 0 1D,. We apply JD1+JD,
to w4 and restrict to U,-1p,and obtain

le*jBIEOQ(n) — le*szl @'Eog(n) (C) [20] — jtp_ng*j:;*lDst!Eog(n) (C) [20]
We have a cartesian square

Je=1Dy

Uy-1p, G1
o| |¢
Up, 22, G,

which implies jj52<pI = <p!j:;,1D2. Together with the base change Rjgale?*cp! =
©'Rjp,» this gives a map

Rjp,+jp, £0g™ = ¢'Rjpy.jp, Log™ (¢)[2c]
or equivalently
Ro\Rjp,+jp, Log™ (d1)[2d1 — 1] = Rijp,«jp, Log'™ (do)[2d2 — 1]
The analogous argument for ¢ Dl!LlD1 gives
R(plelgb!Dlﬁog(n) (d1)[2d1] — LDZ!jL!DlEog(") (d2)[2d2].

This defines a morphism of exact triangles. We now apply the identification via the
splitting principle on Dy and D. (I

5.2. The main result. We formulate all results on polylog in two big statements.
We keep the notation and the setting of Section 2.

Theorem 5.2.1 (Polylog with respect to the unit section). Let S be a base scheme
satisfying the assumptions of the respective setting, see Section 2. Let G/S be a
smooth commutative S-group scheme with connected fibres of dimension d.

(1) There is a unique system of classes

pol™ e Ext¥ ! (e, RmRj.j" Logl (d))

such that 4
(a) their residue in elﬁog(Gn) (d)[2d] = @D, Sym' . is the natural inclu-
sion of He;

(b) they are compatible under the transition maps £0g(c?+1) — ﬁogg),'
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(¢c) they are functorial with respect to homomorphisms of groups schemes
v : G1 — G, i.e., the diagrams

(n)
polg

e, — Rﬂlijl*jikﬁogg?(dl)[?dl —1]

wl l@# (5.1.2)

pol(”) n
Hy —25 RmoRjo.js Loght) (d2)[2ds — 1]

commute.
(2) The classes pol™ are contravariantly functorial under morphisms S’ — S.
(3) If ¢ is invertible on S which is of finite type over a regular scheme of di-
mension O or 1, then the motivic class is mapped to the £-adic class by the
{-adic realization functor Ry.
(4) If S is of finite type over C, then the motivic class is mapped to the analytic
class by the Betti-realization functor Rp.

Let D C G be a closed subscheme which is étale over S and contained in G[N]
for some N.

Definition 5.2.2. Let
Q[D]” := ker (H"(3,7p1Q) — H(S,Q)),
where m1p1Q — Q is the trace map.
This should be thought of as Q-valued functions f on D with >, f(d) = 0,
which is literally true in the case where D is a disjoint set of sections.

Note that by the isomorphism WD!L!D,COggl) (d)[2d] = 7p1 @], Sym' ¢ induced
by the splitting principle, one has an inclusion

Q[D]° C ker (HO(S, ﬂ'D!L!DLoggI)) — HY(S, Q)) .

Let ¢ : G1 — Gs is a homomorphism of smooth group schemes with connected
fibres, D1 C G1 and Dy C G4 as above such that (D7) C Ds. Then the trace map
also induces

@1: QID1° = Q[Da]".
Theorem 5.2.3 (Polylog with respect to a subscheme). Let S be a base scheme
satisfying the assumptions of the respective setting, see Section 2. Let G/S be a
smooth S-group scheme with connected fibres of dimension d. Let D C G be a

closed subscheme which is étale over S and contained in G[N] for some N and
étale. Let a € Q[D]°.

(1) There is a unique system of classes
pol(” € Ext®~1(Q, Rmjp.jp Log™ (d))
such that
(a) their residue in ker (HO(S, ﬂ'D!L!DﬁOggl)) — HO(S, Q)) is given by o;

(b) they are compatible under the transition maps Cogg+1) — Eoggl);

(c) they are functorial with respect to homomorphism of group schemes

¢ : G = Go mapping D1 C G1 into Do, i.e., the class polt(]”) 18

(n)
pro

pu  ExtZH(Q, RrujpujpLogi) (dy)) — Ext2? (Q, Rravjppeiip) Loger (ds))

mapped to pol under the map
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induced from Lemma 5.1.2.
(2) The classes pol,(ln) are contravariantly functorial under morphisms S’ — S.
(3) If ¢ is invertible on S which is of finite type over a regular scheme of di-
mension O or 1, then the motivic class is mapped to the £-adic class by the
{-adic realization functor Ry.
(4) If S is of finite typer over C, then the motivic class is mapped to the analytic
class by the Betti-realization functor Rp.

Remark 5.2.4. The proof of the theorems are nearly identical and will be given
together. We are going to give two different arguments:

e The first proof uses the cohomological vanishing of Theorem 3.3.1. It has
the advantage of being quick and direct. The argument is valid in the
sheaf theoretic setting and relies on the fact that the polylogarithm classes
for G are uniquely determined by their residues and compatibility with
respect to n. It also applies in the motivic setting under the more restrictive
assumptions of Theorem 4.5.1.

e The second proof is valid in any setting and relies on the fact that the
polylogarithm classes for G are uniquely determined by their residues and
uses the functoriality with respect to multiplication [a] : G — G for a single
a € Z,a # 0,%1 (satisfying [a]*D C D in the case of polylog with respect
to a divisor). Indeed, they are going to be characterized as the unique
preimages of their residues on which [a] operates by multiplication by a!
and a®, respectively.

Remark 5.2.5. The argument for compatibility with realizations will also apply
in Hodge theoretic setting once a Hodge realization functor compatible with the six
functor formalism is constructed. This is not yet the case, see the discussion at the
end of Section 2.6 for the state of the art.

Remark 5.2.6. In the simplest case G = G,,, the above class is not the same
as the one in the literature, but rather maps to it. See Section 6 for the precise
relation.

5.3. First proof. We work in the sheaf theoretic setting. The same arguments
also apply in the motivic setting if the characteristic is 0 or if G/S is affine.
Recall that by Theorem 3.3.1 and Theorem 4.5.1, respectively, we have

RmLog(d)[2d] = Q.

Proposition 5.3.1. We work either in the sheaf theoretic setting or the motivic
setting with S of characteristic 0 or G/S affine. Let F = A or F = Q. There is
an ezxact sequence

0 — Ext2™1(Z, RmRjp.jpHLog(d)) = Homg(F, npithLog) — Homg(F, Q).

where the last map is the composition of the augmentation wpity,Log = TpithQ
and the the trace map mpit,Q — Q.

Proof. We apply Rm and Homg (%, —) to the localization triangle and using the
computation of RmLog(d)[2d].

It remains to show that Homg (%, Q) vanishes for & = 5 and & = Q. This is
clear in the sheaf theoretic setting because negative Ext-groups vanish.
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We now turn to the motivic setting. If # = Q, the vanishing of Homg(Q, Q[—1])
is [Ayl4, Proposition 11.1]. If # = 52, then

Homg (2[1], Q) = Homg(M;(G), Q) C Homg(Ms(G),Q) = Home(Q, Q) = Q

again by [Ay14, Proposition 11.1]. The morphism Homg(Q, Q) — Homg(Q, Q) is
an isomorphism, hence the direct summand Homg(M;(G), Q) vanishes. O

Proof of Theorem 5.2.1 and Theorem 5.2.3. We first apply Proposition 5.3.1 with
F = and D = e(S). We obtain the exact sequence

0 — Ext3" (s, RmRj.j* Log(d)) — Homg (2, H Sym‘.#) — Homg(#, Q).
=0

with the last map induced from the natural projection. We define

pol € Ex’cifl_l(jf7 RmRj.j* Log(d))

as the preimage of the natural inclusion of the 7 into [[;°, Sym’s#. This means
we have defined a system of elements

pol™ € Ext%!~1(, RmRj.j* Log™ (d))

compatible under transition maps. It is uniquely determined by these properties.

We now turn to functoriality under ¢ : G; — G3. By functoriality, polg, and
polg, both define elements in Ext%d?_1 (A, , RmaRja.ji Loga, (d2)) with the same
residue in Homg (%, , [[52, Sym’ #%,). By Proposition 5.3.1 this implies that they
agree.

The behaviour under realizations follows from these properties for Log (see
Proposition 4.6.1) and uniqueness.

In the case of pol,, we obtain the sequence

0 — Extg"~1(Q, RmRjp.jpLog(d)) — Homg(Q, | [ 7p1Sym'r},#) — Homs(Q, Q).
i=0
By assumption « is in the kernel of the last map. We define pol, as its preimage.

All other argument are the same as in the case of pol with respect to the unit
section. 0

5.4. Second proof. We work in the sheaf theoretic and in the motivic setting in
parallel. The argument relies on analysing the eigenspace decomposition under the
operation of multiplication by a € Z on G. Let [a] : G — G be the morphism on G.

Recall that an [a]-linear operation on an object X € D(G) is the datum of a
morphism X — [a]'X or equivalently f, : [a}yX — X. By naturality it induces a

map 7T!X = W![Q}IX m_ﬁ,) 7T3X.

Such an [a]-linear operation on Log(™ was defined in Theorem 3.2.1 and Theo-
rem 4.4.1, respectively.

Recall also from Appendix A the notion of a finite decomposition into generalized
[a]-eigenspaces in a Q-linear triangulated category.

Proposition 5.4.1. Let a € Z.
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(1) Then RmQ has a finite decomposition into a-eigenspaces
kd(G)
RmQ = @ Sym‘ A (—d)[i — 2d]
i=0
with a operating on Sym'.s¢ by multiplication by a'.

(2) Letn > 0. Under the operation of [a] on the associated graded of Log™, the
object Rmm*Sym" . on S has a finite decomposition into [a]-eigenspaces
with eigenvalues a”, . . .,a" k(&)

(3) The object RmLog™ on S has a finite decomposition into generalized [a]-
eigenspaces with eigenvalues a, . .., a™T*d(G),

(4) Form > 1 the map RmLog™ — RmLog"V) induces an isomorphism on
a®-eigenspaces. In particular, this eigenspace is isomorphic to Qg (—d)[—2d].

(5) Forn > 1, the a'-eigenspace of RmLog™ wvanishes.

The decompositions are independent of the choice of a.

Proof. We have the formula
kd(G)
RmQ = Rmyr' Q(—d)[~2d] = (P Sym'#/(~d)[i — 2d]
i=0

hence it suffices to show that [a] operates as multiplication by a on . The motivic
case is established in [AHP, Theorem 3.3.] (it follows directly from the description
of M;(G) as the motive induced by Gg). The sheaf theoretic case is classical. It
also follows immediately from the motivic case and compatibility under realizations.
This finishes the proof of the first claim.

By Theorem 3.2.1 and Theorem 4.4.1, the operation of [a] on 7*Sym"# under
the functoriality of Log(™ is given by Sym"[a]; = a”. By the projection formula

Rm7n*Sym".# = (RmQ) ® Sym" .72 .

Hence the second statement follows from the first.
For the third assertion, consider the exact triangle

RmSym" # — Rﬂ—!ﬁog(n) N Rﬂ'!ﬁog(nfl) '

By induction and Proposition A.0.6 , we get a decomposition for RmLog™ with
eigenvalues as stated. Passing to the a’-eigenspace preserves exact triangles by the
same Proposition A.0.6. There is no contribution from RmSym" 57 for n > 1. In
the case n = 0, the contribution is the component ¢ = 0 in assertion (1).

We now consider the generalized eigenspace for the eigenvalue a'. There is no
contribution from RmSym". 5 for n > 2. Hence it suffices to show the vanishing
for n = 1. We pass to the a'-eigenspace in the triangle for n = 1 and have

H & Q(~d)[~2d] — 7 — H(G)(~d)[1 - 2d].

It remains to show that the connecting morphism is the identity. In the sheaf
theoretic case, this is true by definition of Log(!), see Definition 3.1.2. In the motivic
case, this was checked during the proof of Proposition 4.6.1 on compatibility of the
motivic logarithm with realizations.

Let a # b be integers. Note that [a] and [b] commute. By Lemma A.0.7, the
object Log™ has a simultaneous decomposition into generalized eigenspaces with
respect to both. We show inductively that the generalized eigenspaces for a® and
b agree from the same statement for Sym' (). O
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Consider e : S — G. Recall from Lemma 5.1.2 (with ¢ = [a], D1 = Dy = e(S5))
that there is an [a]-linear operation on the residue sequence

ee'Log™ = Log™ — Rj,j* Log™
compatible with the operation on Log(™.

Proposition 5.4.2. (1) We have

RmRee! Log™ = e' Log™) = @ Sym" 7 (—d)[—2d]
i=0
and [a] operates on the i-th summand by multiplication by a'.

(2) The object RmRj.j*Log"™ (—d) has a finite decomposition into generalized
eigenspaces for the operation of [a] with a € Z. The eigenvalues are a® for
1<i<n+kd(G).

(3) For a # =+1, the generalized [a]-eigenspace of RmRj.j* Log™ (—d) for the
eigenvalue a' is given by Sym' . (—d)[—2d + 1] via the residue map. It is
actually an eigenspace, i.e., [a] operates by multiplication by a'.

The decomposition is independent of the choice of a.

Proof. The formula for e' Log(™ is given in Lemma 4.3.2. The operation of [a] is the
same as on the associated gradeds of Log(™. By Theorem 3.2.1 and Theorem 4.4.1,
respectively, it has the shape claimed in the Proposition.

Consider the triangle on G

ere' Log™ = Log™ — Rj.j*Log™ .

It induces an exact triangle on S
n
@ Sym’#(—d)[—2d] — RmLog™ — RmRj.j* Log™.
i=0

By the first assertion and Proposition 5.4.1, the first two objects have a finite
decomposition into generalized [a]-eigenvalues with eigenvalues as stated. Hence
by Proposition A.0.6 the object on the right also has a finite decomposition into
generalized eigenspaces. We pass to the generalized eigenspace for the eigenvalue
a' and get
H(—d)[-2d] = 0 =7

This proves the last assertion.

The decompositions are independent of a by Lemma A.0.7 because the different
[a] commute and the assertion is true for Sym‘’. /. O

As before let tp : D — G be the inclusion of a closed subscheme which is étale
over S and contained in G[N] for some N. Let a € Z such that [a]"'D C D.
Recall from Lemma 5.1.2 (with ¢ = [a], D1 = Dy = D) that there is an [a]-linear
operation on the residue sequence

Ry Log™ — Log™ — Rijp.jhLog™
compatible with the operation on Log(™.

Proposition 5.4.3. Lettp : D — G be as before. Let a € Z such that D C [a]™'D.
Then the object RijD*jBEog(”)(d) has a finite decomposition into generalized
eigenspaces for the operation of [al.



POLYLOGARITHM FOR FAMILIES OF COMMUTATIVE GROUP SCHEMES 23

For a # +1,0, the generalized [a]-eigenspace for the eigenvalue a® sits in a
distinguished triangle
0

(RmRip. jj;,ﬁog<">(—d))“ s RrpiQ[-2d + 1] — Q[~2d + 1]

via the residue map.
If a,b € Z are integers with D C [a)™1D, [b=]D C [ab] 1D, then they the decom-
positions with respect to a and b agree.

Remark 5.4.4. The assumptions on a are satisfied if D C G[N]anda =1 mod N.

Proof. The arguments are the same as in the proof of Proposition 5.4.2. It remains
to compute explicitly for the eigenvalue a®. We apply R to the localization triangle
and pass to the generalized [a]-eigenspace for the eigenvalue a’. The eigenspace for
RmLog™ was computed in Proposition 5.4.1 (3). The eigenspace for

Rmyupiin Log™ (d) = Rrpys Log™ [—2d] = 7py @ Sym'‘n} . [—2d]
=0

is given by the summand for ¢ = 0.

Under the compatibility assumption on a and b, it is easy to check along the
lines of the proof of Lemma 5.1.2 that the induced operations commute. Hence the
decompositions agree by Lemma A.0.7. |

Second Proof of Theorem 5.2.1 and Theorem 5.2.3. We want to construct an ele-
ment in Ext3 ! (5, mj.Log™ | (d)) Choose a € Z, a # £1,0. We define

pol™ € Ext¥ =1, mj. Log™ |y (d))

be the unique preimage of id € Hom(#, @, Sym".#’) under the residue map of
Definition 5.1.1 such that pol™ maps to the generalized [a]-eigenspace of 75, Log™)
with eigenvalue a'.

By construction it is compatible under restriction and with the realization func-
tors. By uniqueness, it is also functorial with respect to group homomorphisms
¢ : G1 — G4. In particular, pol(") is independent of the choice of a.

Now let a € Q[D]°. We choose a € Z with a # +1,0 such that [a]"1D C D,

e.g.,a=1 mod N with D C G[N]. We define
pol™ € Ext?*1(Q, mjpsLog™ (d))

as be the unique preimage of o under the residue map of Definition 5.1.1 which
maps to the generalized [a]-eigenspace of mjyiLog(™ for the eigenvalue a. By
construction, it is compatible under restriction and with realization functors. By
uniqueness, it is also functorial with respect to group homomorphisms ¢ : G; — G»
such that ¢~'D, C D;. In particular, it is independent of the choice of a. O

6. COMPARISON WITH OTHER DEFINITIONS OF THE POLYLOG

We work in the sheaf theoretic and in the motivic setting in parallel.
In order to relate our constructions to the existing literature, we also need a
version of polylog with respect to R,.
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6.1. Comparing Rm and Rm,. Recall that there is always a natural map of
functors Rm — Rm,.
If D C G is finite étale over S, then there is a commutative diagram

comp

(10) RmRjps«jnLog(d))[2d] Rm.Rjp«jLog(d)[2d]

\/

T« Log)[1].

Let D C G be finite étale over S and contained in G[N] for some N. By applying
Rm, instead of Rm, we obtain another variant of the residue triangle:

Rr.pit'n Log™ (d)[2d] — Rm,Log™ (d)[2d] — Rm.Rjp.jhLog™ (d)[2d).
Again under the identification of Definition 3.1.3 and Definition 4.3.1 and because
Lp is proper, we have

Rr.upit'y Log™ (d)[2d] = Rrp. @ Tp1Sym'wh A .
i=0
Hence the connecting morphism induces by adjunction another map, again called
residue map,
n
Ext%]d;l(f,jgﬁog(")(d)) — Homg (Z#, @WD*Symiﬂfjj‘f).

i=0

Lemma 6.1.1. Let & be an object of D(S). There is an exact sequence

Ext%,‘i_l(jgﬁ,jgﬁog(d)) — Homg(F, mp«tpLog) — Homg(.Z, Q).

In the sheaf theoretic setting, let F be a sheaf on S. Then the residue map is
injective.

Proof. Same argument as for Ry, see Lemma 5.3.1. O

6.2. Polylog with Rm,. The map comp from (10) induces maps
(11) Extgd_l(%”, RmRj.j*Log™ (d)) — ExtQSd_l(%, Rr.Rj.j*Log™ (d))

LT

Ext?? ™! (a0, j* Log™ (d))
and similarly
(12) Exty' "1 (Q, RmRjp.j5Log™ (d)) — Extih M (Q, 5 Log™ (d)).

We define the polylog with respect to Rw, as the image of the polylog under these
maps.

Definition 6.2.1. We denote by
ﬁ(n) € Ext?]d_l(ﬂaﬁ,j*ﬁog(")(d))
the image of pol™ under the map (11) and for o € Q[D]°, we denote by
pol.” € Extil (QipLog™ (d)

the image of polgl) under the map (12).
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These classes have the advantage of having an interpretation on U and Up,
respectively. They have the disadvantage of having a more restrictive functoriality.

Proposition 6.2.2. (1) ﬂ(n) and ﬁin)ire compatible under the transition
maps Log™ — Log™=Y. We write pol € Extszfl(w{,%J*Eog(d)) and

pol, € ExtzUi_l(Q,j}SL’og(d)) for the resulting classes.

(2) ﬁ(n) and ﬁfxm are contravariantly functorial in the base scheme S.

(3) The image ofﬁ(n) under the residue map is gien by the natural inclusion
of A into @,._, Sym' .

(4) The image ofﬁfxn) under the residue map is given by a.

(5) Let p: Gy — Go be a proper morphism of S-group schemes.
(a) The diagram

(n)
poly

e, —2 @t Logl) (d)[2dy — 1]

o] |

Hoy —25 j3Logl) (do)[2ds — 1]

commutes.
tecasspionaismappe topion under
b) the class pol " d to pol""), und

pu  BxtZH(Q, jhLogt? (d) — ExtZ21(Q, 55 py Logi) (d)).

Proof. The argument as the same as in the proof of Theorem 5.2.1. The main
ingredient is the functoriality of Log(™ in Theorem 3.2.1. (]

Functoriality is of particular interest in the case where ¢ is an isogeny, e.g.,
multiplication by N with N invertible on S.
Remark 6.2.3. It is not clear in general if ﬁ(n) and ﬁg‘) are uniquely deter-
mined by their residues. In a more special geometric situation, which covers the
cases in the existing literature, uniqueness is at least true in the sheaf theoretic
setting.

Proposition 6.2.4. In the sheaf theoretic setting, the map

comp : Ext¥ 1 (/, RmRjp.jpLog(d)) — Extéd\ﬁ(%, Log(d))

is an isomorphism, if either

(1) G is an abelian scheme,
(2) G is an extension of an abelian scheme A/S of dimension g by a torus T'/S
of dimension r, and the considered sheaf theory admits weights.

In these cases pol is uniquely determined by its compatibility under the restriction
maps or by functoriality for some a € Z, a # 0,+1.

Note that in the second case .77 is a lisse of rank h = 2g + r.

Proof. If GG is an abelian scheme, the map comp is just the natural adjunction,
hence an isomorphism and there is nothing to show.
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Now let G be an extension of A/S by T/S as in the statement. Let h :=
dimg 4 = 2g + r, then by Theorem 3.3.1 one has

Extl, (7", Log(d)) = Extd, (A, R, Log(d)) = Extl "(#, Q).

The weights of % = S are < —1 and the Ext-groups Extfg_h(ﬁ , Q) vanish. Then
the localization sequence gives rise, with the arguments from Proposition 5.3.1, to
an isomorphism

EXtéd\; (m* 7, Log(d)) = Homg (', mp.tpLog)

because Homg (57, Q) = 0. Together with 5.3.1 this shows that comp is an isomor-
phism. O

6.3. Special cases. We review the existing literature and how the present paper

(n)

fits. In all cases, it is pol " and ﬁ,(ln) defined in Definition 6.2.1 that appears.

(n). By Proposition 6.2.4, the

class pol' ~ is not identical, but has the same information as pol("), at least in the
sheaf theoretic setting.

Recall that for abelian schemes one has pol(") = pol
(n)

(1) If G = Gy, then we are in the situation of the classical polylog on the pro-
jective line minus three points. Its sheaf theoretic construction by Deligne
in [Del89] was the starting point of the whole field. The motivic construc-
tion over S = Z (that is enough by functoriality) is due to Beilinson and
Deligne. Full details can be found in [HuWi98] by Huber and Wildeshaus.
We are going to explain this case in more detail below.

(2) If G = E is an elliptic curve, it agrees with the sheaf theoretic polylog
for elliptic curves as defined by Beilinson and Levin [BeLe91]. They also
constructed the motivic elliptic polylog. Their treatment served as the role
model for all later definitions of the polylogarithm.

(3) If G = A is abelian and S is regular, the motivic polylog constructed in
the present paper agrees with the one constructed by the second author in
[Ki99]. In this paper the decomposition under the [a]-operation, as used
by Beilinson and Levin, was amplified and made into a flexible tool, which
motivated the approach in the present paper.

(4) If the considered sheaf theory admits weights and G is an extension of an
abelian scheme by a torus, then the polylogarithm class m(n) of Defini-

tion 6.2.1
(13) pol € Extéd\_{i} (w* S, Log(d))
agrees with the polylogarithm defined by Wildeshaus in [Wi97, page 161].

In particular, we achieve the construction of the motivic classes inducing
his sheaf theoretic polylogarithm.

6.4. Classical polylog. As the case G = G,, is of particular interest, and our ap-
proach is a considerable technical simplification of the existing motivic construction
in [HuWi98], we spell out the details. It suffices to consider S = SpecZ. We work
in the motivic and sheaf theoretic setting in parallel.

Lemma 6.4.1. For G = G,,, we have
Mi(G) = Q()[1], #= = Q(1), and Sym". 2 = Q(k).
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Moreover,
RmQ(k) = Q(k) & Q(k + 1[1].
with the splitting induced by the unit section.

Proof. The first statement is a classical computation of Voevodsky: Z(1)[1] is rep-
resented by the sheaf O* = G,,,. [Voe00, Theorem 3.4.2]. All the others follow. O

This means that Log("™ is an iterated extension of Tate motives/sheaves on G,y,.

Definition 6.4.2. Let S be finite dimensional and noetherian. The triangulated
category Dy (S) of mized Tate motives on S is defined as the full triangulated
subcategory of DA(S) generated by Q(k) for k € Z.

Note that this category is closed under tensor products and duality.
We say that Tate motives on S satisfy the Beilinson-Soulé vanishing conjectures
if
Hompa (5)(Q(7), Q(J)[N]) =0
for all N < 0. This implies the existence of a t-structure on Dy (SpecZ) such that
the Betti- or f-adic realizations are t-exact and conservative.

Definition 6.4.3. Let MT(S) be the abelian category of mixzed Tate motives on S
be defined as the heart of the motivic t-structure on Dy (SpecZ).

Lemma 6.4.4. Tate motives on SpecZ, G,, and U satisfy the Beilinson-Soulé
vanishing conjectures.

Proof. Borel’s computation of higher algebraic K-theory of Z implies the case of
S = SpecZ.
For S = G,,, we consider
Home (Q(Z)v Q(])[N]) = HomSpecZ(Rﬂ—!W!Q(i)a Q(J)[N])
= HOInSpeCZ(Q(” D Q(l + 1)[1]a Q(])[N])
= Homsgpeez (Q(#), Q(7)[N]) & Homgpeez (Q(i + 1), Q(7) [N — 1]).
Both summands vanish for N < 0.
For S = U consider the localizing triangle
Ry Qi) — Rma' Qi) — ene™ Qi + 1)[2]
and the long exact sequence for Homgpecz (-, Q(j)[N]) to get the same vanishing. [0

Corollary 6.4.5. The motives Log"™ and j*Log™ are objects of MT(G,,) and
MT(U), respectively.

The motives Rm£Log™ and Rmj,j*Log™ are objects of the triangulated cate-
gory of mized Tate motives on SpecZ.

Proof. Immediate from the triangle
Q(n) = Log™ — Log"™Y
the computation of Rm7'Q. O

Hence the spectral sequence computation of Section 7 and its conclusion in The-
orem 3.3.1 are also true in the motivic setting. Note that the argument simplifies
considerably in this special case, see [HuKi99, Appendix A] for the cohomological
case. The homological case agrees with this up to a shift because Q(i)V = Q(—1).
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Corollary 6.4.6. The localization sequence with respect to the unit section e :
SpecZ — Gy, induces a long exact sequence

Q(—1) = R'mj.j*Log™ (1) = P Q(k) = 0
k=0

of mized Tate motives.

Moreover, the proof of Proposition 6.2.4 also applies in the motivic setting be-
cause the theory of mixed Tate motives has weights.

Definition 6.4.7. Let pol™ e ExtépeCZ(Q(l),ij*j*ﬁog(")) be the unique ele-
ment with residue the natural inclusion Q(1) — @, _, Q(k).

Let ﬁ(n) € Extém(Q(l),j*[,og(”)) be the unique element with residue the
natural inclusion Q(1) — @;_, Q(k).

Remark 6.4.8. (1) The analogous discussion can also be carried out for pol&").
It involves Artin-Tate motives because R’]TD!’]T!DQ is Artin-Tate. Borel’s
result on motivic cohomology is still available. We omit the precise formu-
lation.

(2) The same arguments are also valid for all tori over a base S where Tate
motives satisfy the Beilinson-Soulé vanishing conjectures.

7. PROOF OF THE VANISHING THEOREM

7.1. Proof of Theorem 3.3.1. We work in the sheaf theoretic setting.

Before we give the proof we start with some general remarks concerning RmQ
and the definition of Log("). First note that the group multiplication y : G xg G —
G induces a product

p: RmQ(d) ® RImQ(d) — R™%5,Q(d)
and the diagonal A : G — G xg G a coproduct

A: R'mQ(d) » P R'mQ(d) ® R** I mQ(d).

In particular, @, R‘mQ(d) is a Hopf algebra and a direct computation shows that
R*~1mQ(d) = 4 are the primitive elements. As usual we get an isomorphism

2d—1

RmQ(d) = )\ .

Recall that we have given a description of Log(?) in terms of the comultiplication
in Lemma 3.1.4.

We want to compute RmLog by using the spectral sequence arising from the
unipotent filtration on Log. For this we need to identify the connecting homomor-
phisms.

Lemma 7.1.1. The connecting homomorphism
R'mQ — R 'mn* # =~ R Qe #
of the long exact cohomology sequence of

0= 7" # — Log) 5 Q=0
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is given (up to sign) by the composition of the comultiplication

A: RmQ— P RmQe R**ImQ(d)
J

with the projection onto RMmQ ® R?*~'mQ(d).

Proof. This is completely formal. The comultiplication is obtained by applying
R(m x ) to
AA' (T x 1)'Q = (7 x 1)'Q.

We factor R(m x )y = R(id x 7); o R(w x id), and get that the comultiplication
is given by applying Rm to the map 7'Q — 7'Rm7'Q. On the other hand, the
connecting homomorphism is obtained by applying Rm to the composition 7'Q —
' Rmm'Q — 7' (1] from (5), which by the above lemma describes the extension
Log™W. O

To compute the higher direct images of Log(™ we need the exact Koszul complex
(see [1I71, 4.3.1.7])

m d° Ji-1 m—i ) 4 gm—1
(14) 0o N\Now = 2 \ A @Sym'or = 2 Sym™ A — 0.
Recall that the differentials di, : A"~ ® Sym'# — A" @ Sym"™ ' #
are induced by the comultiplication A\™* .2 — \™ "' # @ A of the exterior
algebra composed with the multiplication of the symmetric algebra.

Proposition 7.1.2. The spectral sequence associated to the filtration of Log(™ by
unipotence length

EPY = RPHOmp*Sym? #(d) = RPTImLog™ (d).

has EP? = N** P79 37 @ SymP A for 0 < p <n and p+q > 0 and E;-differential
given by the Koszul differential. It degenerates at Eo with
Q i=2d
RimLog™ (d) = { coker dgtj—li+n 0<i<2d
R'mQ(d) ® Sym"# i =0.

where d;d__li_i_n N @ Sym™ i — NPT @ Sym™ A s the Koszul

differential from (14).
Proof. The sheaf Log(™ has a filtration F"Log(™ such that the associated graded
pieces are the m*Sym*.# for 0 < k < n. We consider the associated spectral
sequence
EP? = RPY O SymP i (d) = RPYImLog™ (d).

If we identify RPTImQ(d) = A** P79 # we get

2d—q e 2d—q—1 g g1 2d—q—n

Ey0— \o#—— N\ HeX . — N\ HAoSym",

where the first term is EV'? etc. We assume by induction on n that the differentials
d?? in the spectral sequence for Log(" 1) are the Koszul differentials df, , (up
to sign). The case n = 1 is Lemma 7.1.1. Then the d’? for p < n — 2 in the
spectral sequence for Log(™ coincide also with the Koszul differentials db, p (up



30 ANNETTE HUBER AND GUIDO KINGS

to sign). We claim that this is also true for d}"%. The differentials d} "¢ in the
spectral sequence are the connecting homomorphisms for R"~1%4m of the short
exact sequence

0 — 7 Sym"# — F" ' Log™ /F" ' Log™) — 7*Sym™ 12 — 0.

By construction of Log(™ this short exact sequence is isomorphic to the push-out
of

0 m*Sym" ' @ A — 7 Sym" A @ LogH) — 7 Sym" LA — 0

by the multiplication map 7*Sym™ ¢ @ n*# — 7*Sym". . In particular, the
connecting homomorphisms are the ones of Log(*) tensored with 7*Sym"™ ', If
one unravels the definitions one gets that the d}~ "% are the Koszul differentials.
It follows that E;? is the truncated Koszul complex and hence the only non-
zero Ey-terms are ES? = Q, E? = coker d?™ "7 for —n < ¢ < 2d — n and

Ey™" = R'mQ(d) ® Sym" . For the higher direct images we get accordingly

Q 1=2d
RimLog™ (d) = { coker dnhien 0<i<2d
R'mQ(d) ® Sym"# i =0,
which is the desired result. O

As a corollary we get the statement of Theorem 3.3.1:
Corollary 7.1.3. One has

Q(—d) i=2d

RimLog = {o i+ 2d

Proof. From the computation of R?*?mLog™ it follows that the transition maps
R*mLog™ = R*mLog"~1 are all isomorphisms. In particular, R*‘mLog =
Q(~d). |

It remains to show that R'mLog = 0 for i # 2d and for this it is enough to
show that RimLog™ — RimLog("V is the zero map. Consider the long exact
cohomology sequence of

0 — 7 Sym"™.# — Log™ — Log™ P — 0.
By the computation of R'mLog(™ in Proposition 7.1.2 the map
2d—i

RmSym" . = /\ H @ Sym" A — RimLog™
is surjective, hence RimLog™ — RimLog" 1) is the zero map. O

We now turn to the case where G is an extension of an abelian scheme by a torus
and hence 7 locally constant. We discuss the necessary modifications of this proof
to get the statement for the higher direct images R'm,Log. First note that one has
by Poincaré duality a perfect pairing

R'1,Q® R**'mQ — Q(—d),
which shows @@, R'm.Q = A" 2. The dual of the quasi-isomorphism in (4) gives
the decomposition

(15) Rr " Q= Q& 7o oRm7"Q.
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To identify the extension class of Log™") € Extf(Q,7*.#) consider the evaluation
map ev : J ® Y — Q and its dual

ev/ 1 Q= HV A

Note further that by duality one has

Rr,m*# = (Rmm' V)Y = (Rmm'Q @ Y)Y = Rr,m" Q@ .
Lemma 7.1.4. The class of LogV) € Exts(Q, Rr,m* ) = Homg(Q, R, m*#[1))
is given by the composition

Q LY @A TsoRm. " Q ® (1] 9, Rr.m*Q & H[1]
where the arrow in the middle is induced by the map "V = R'm,n*Q — 1o Rm.*QJ1].

Proof. By definition the extension class Log") € Homg(Rm7'Q, #[1]) is given by
the map in (5), which induces

Q — (< 1Rm7' Q)Y ® #[1] =2 1o oR'm.m*Q @ 1]
If one unravels the definition of the map in (5) one gets the map in the lemma. O
Let h := dimg ¢ be the dimension of the local system .7, then the pairing
N oY o NPy — N' Y induces an isomorphism
h—i

i h
RmmQx NV = \owe \x"

The computation of Rim,Log™ (d) is exactly the same as before, once we have
identified the connecting homomorphisms

R'm.Q — Rt n . o*
of the extension

0— 7 — LogM) — Q — 0.
Lemma 7.1.5. Using the above identification Rim,m*Q = /\hii ) /\h AV the

connecting homomorphism
h—i h h—i—1 h
Nxeo Nt~ N\ #exe\rx
is induced by the comultiplication in \ .

Proof. The connecting homomorphism is the map
R'1.Q = Rm.Q®R'1.Q®# - RM'r.Qe
induced by the cup-product. If we make the identifications explicit, we get the

desired formula. O

Exactly as in the proof of Proposition 7.1.2 we get
N oY i=h
R'm Log™ = & N" #V @ coker dy !, 0<i<h
N' 2V @ Sym™ 2 i=0.
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Corollary 7.1.6. Let G be an extension of an abelian scheme by a torus. Then

h wpv o _
R"ﬁr*Eog = N A l =h
0 i # h.
Proof. This follows by the same argument as in Corollary 7.1.3. O

7.2. Proof of Theorem 4.5.1. We turn to the motivic setting with either S of
characteristic 0 or G affine. As always, G/S is a smooth commutative group scheme
with connected fibres.

Lemma 7.2.1. Let S be a scheme of characteristic 0 or G affine. Let a € Z,
a #0,%1. Then the generalized a°-eigenspace for the operation of [a] on RmLog™
is isomorphic to Q(—d)[—2d]. The generalized a’ -eigenspace vanishes for j > n +
kd(G) and for 0 < j <n.

This is a refined version of the vanishing in Proposition 5.4.1 (3). Its proof relies
on much deeper input from the theory of motives.

Proof. The computation of the generalized a® eigenspace was carried out in Propo-
sition 5.4.1 (3). The vanishing for j > n follows simply by induction from the
statement for RmSym’J#, see Proposition 5.4.1 (1).

We now turn to the essential part of the statement, with 0 < j < n. We claim
that the a’-eigenspace vanishes. By [AHP, Lemma A.6] it is enough to prove the
statement after base change to geometric points 5§ : k — S. Moreover, 5* is a
tensor functor commuting with Rm and 5*.5¢;,3 = H¢, /i by [AHP, Proposition
2.7). Hence we may assume without loss of generality that S = Speck with k
algebraically closed. We have been working in categories of étale motives without
transfers so far. In the case of a perfect ground field k, the ”adding transfer” functor
is an equivalence of categories. Hence we can argue in Voevodsky’s orginal category
of geometric motives DM (k, Q) from now on.

We claim that the object RmLog™ is contained in the subcategory of abelian
motives in the sense of [Wil4, Definition 1.1]. It is the thick tensor triangulated
subcategory of the category of geometric motives generated by Q(r) for » € Z and
the Chow motives of abelian varieties. We can verify this by induction on n. We
have computed Rma*Sym’.2# in the proof of Proposition 5.4.1. Hence it suffices to
establish the claim for M;(G). By [AEH, Lemma 7.4.5], the motive M;(G) agrees
with the 1-motive of the semiabelian part G°® of G. In the semi-abelian case, the
sequence

1T G- A

with T a torus and A an abelian variety induces an exact triangle M;(T) —
Mi(G) — M;(A). The torus T is split because we have assumed k to be alge-
braically closed. Hence M;(T) = Q(1)" is in the category of abelian motives. The
motive M;(A) is a Chow motive as a direct summand of the motive of A, hence
also in the category of abelian motives.

Let ¢ be a prime invertible in k. If S is of characteristic 0, we have verified
the assumptions of [Wil4, Theorem 1.16]. By loc.cit. the ¢-adic realization H* Ry
is conservative. We have reduced the assertion to the same vanishing in the /-
adic setting. If G is affine, then its motive is a mixed Tate motive. Again the
{-adic realization is conservative; this time via the conservative slice functors ¢,, of

[HuKa06, Section 5.
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Consider the computation of Rmﬁog?o in Proposition 7.1.2. The proof shows
that the cohomology in degree i < 2d is given by EJ =" and a functorial quotient
of EM™" = N*' 4 @ Sym"™ . The operation of [a] on this term is by mul-
tiplication by a??~**". Recall that 0 < i < 2d. There is no contribution to the
a’-eigenspace for 0 < j < n. ([l

Proof of Theorem 4.5.1. We want to show that
RmLog — RmQ =% ¢*Q(—d)[—2d]

is an isomorphism in DA(S). We pass to generalized a-eigenspaces for the operation
of a € Z. 1t suffices to show:

(1) The a%eigenspace of RmLog™ is equal to Q(—d)[—2d] for all n.
(2) Fori > 1, the pro-object given by the generalized a’-eigenspaces of Rm Log(™
is isomorphic to 0.
The first claim was shown in Proposition 5.4.1 (3). The second claim is a conse-
quence of Lemma 7.2.1. ]

Remark 7.2.2. It is tempting to remove the characteristic 0 hypothesis from the
result. It enters the argument via the proof of [Wil4, Theorem 1.13], where it is
used that homological and numerical equivalence agree on abelian varieties. This
is open in positive characteristic.

APPENDIX A. EIGENSPACE DECOMPOSITION

The aim of this section is verify the existence of decomposition into generalized
eigenspaces in the setting of triangulated categories.

Definition A.0.3. Let A be a pseudo-abelian Q-linear additive category. Let X
be an object and ¢ : X — X an endomorphism. We say that X has a finite
decomposition into generalized p-eigenspaces if there is a p-equivariant direct sum

decomposition
n
X=Ppx
i=1

together with a sequence «g, ..., q, of pairwise distinct rational numbers (”eigen-
values”) and a sequence my, ..., m, of positive integers such that (¢ — a;)™ van-
ishes on X;. We call X; the generalized eigenspace for the eigenvalue ;.

Example A.0.4. Let A be the category of finitely generated Q-vector spaces.
Every object has a finite decomposition into generalized y-eigenspaces by putting
@ in Jordan normal form.

This is not the most general notion one could imagine, but it suffices for our
application. The condition is equivalent to the following: We view X as a Q[T-
module with T operating via ¢. The object X has a finite decomposition into
generalized ¢-eigenspaces if and only if the operation of Q[T factors via an Artin
quotient Q[T']/I with I of the form [] (T — a;)™. By the Chinese Remainder
Theorem, we have a ring isomorphism

o)/ = J[/T —a)™ .
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The decomposition of X is induced from the decomposition of 1 € Q[T]/I into
projectors. In particular, the decomposition is unique if it exists.

Lemma A.0.5. Let A— B — C be an exact sequence of (possibly infinite dimen-
sional) Q-vector spaces with operation of an endomorphism @. Assume that A and
C admit a finite decomposition into generalized p-eigenspaces. Then so does B.

Proof. By assumption A is a Q[T]/I-module and C a Q[T]/J module with I and
J of the special shape above. It is easy to check that I.J annihilates B, hence B
also admits a decomposition into generalized ¢-eigenspaces. (I

Proposition A.0.6. Let T be a Q-linear pseudo-abelian triangulated category. Let
A — B — C — A[l] be an exact triangle and ¢ an endomorphism of the triangle.
Assume that A and C admit a finite decomposition into generalized @-eigenspaces.
Then so does B. Given o € Q the triangle of generalized eigenspaces for the
etgenvalue o is distinguished.

Proof. Consider the exact sequence of Q-vector spaces
Homy (B, A) - Homy(B, B) — Hom7 (B, C) .

By functoriality, it has an operation of ¢. As A and C have a decomposition, so have
Homy (B, A) and Hom7(B, (). By the lemma this implies that Homy(B, B) has
decomposition. Equivalently, Hom (B, B) is annihilated by an ideal I of the special
form above. In particular, this is the case for idg and hence for B. This means
that B is an Q[T]/I-module, or equivalently that it admits a finite decomposition
into generalized (p-eigenspaces.

The ideal I can be chosen such that it annihilates all of A, B, C. This means
that Q[T]/I operates on the exact triangle. The decomposition of B is compatible
with the exact triangle. Summing the triangles for all @ € Q we get back the
original triangle. Hence the indivual triangles for fixed « are distinguished. 0

Lemma A.0.7. Let A be a pseudo-abelian Q-linear additive category. Let X be an
object and ¢ : X — X and ¢ : X — X commuting endomorphisms. Assume that
X has a finite decomposition into generalized eigenspaces for ¢ and 1. Then there
is a unique simultaneous decomposition.

Proof. The operation of ¢ and ¥ make X into a Q[T S]-module. By assumption X
is annihilated by a polynomial P = [];_, (T — «;)™ and also by a polynomial Q =
[1;=,(S — B;)™. Hence the operation factors via the Artinian ring Q[T S]/(P, Q).
By the Chinese Remainder Theorem, we have a ring isomorphism

QIT, S)/(P,Q) = [[QIT, S]/((T — ;)™ (S = B;)™).
(2]
The decomposition of X is induced from the decomposition of 1 into projectors. [
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