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Exercise 1 (6 Points).
Consider the language L = {E} with E a binary relation symbol as well as the L-theory T

whose models are exactly the L-structures in which E is an equivalence relation with exactly one
class of size n for every natural number n ≥ 1.

a) Compute the maximal Cantor-Bendixson rank of every type in the compact Hausdorff space
S1(M0), with M0 the prime model of T .

b) Compute the Morley rank and degree of the formula (x
.
= x).

c) Consider now an ℵ0-saturated elementary extension M of M0. Describe explicitly for every type
in S1(M0) the non-forking extensions to M. Which types over M0 are stationary?

Exercise 2 (6 Points).
We work inside a sufficiently saturated infinite ambient model U of a complete first-order theory

T with infinite models in a fixed language L .

a) Given a subset A of U and a type p(x̄) over A, show that CB(p) ≤ RM(p), computing the
Cantor-Bendixson rank in the compact Hausdorff space S|x̄|(A).

Let now M be an ℵ0-saturated elementary substructure of U.

b) Show by transfinite induction that RM(p) = CB(p), with CB(p) the Cantor-Bendixson rank of
p computed in S|x̄|(M).

Hint: Every formula belongs to a type with the same Morley rank.

Exercise 3 (4 Points).
Consider the integers Z as a structure Z in the language L = {0,+,−} of abelian groups (with

the usual interpretations of the symbols). Note that for every natural number n ≥ 1 the set nZ is
a definable subgroup.

a) Show that RM(Z) = RM(nZ) for every natural number n ≥ 1.

b) Deduce that Th(Z) is not ω-stable.

Hint: What is the index (Z : nZ)?
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Exercise 4 (4 Points).
Consider a sufficiently saturated ambient model U of a complete first-order theory with infinite

models in a fixed language L.
Let φ[x̄, ā] be an instance with parameters in U. Suppose that for a natural number k ≥ 2

there is a sequence (ψn[x̄, b̄n])n∈N of definable subsets of φ[x̄, ā] with parameters in U with the
following property: Each instance ψn[x̄, b̄n] has Morley rank at least α, but the intersection of k
many instances among the ψn’s has Morley rank strictly less than α, that is,

RM(

k∧
j=1

ψnj [x̄, b̄nj ]) < α

for every pairwise distinct n1, . . . , nk. Show that φ[x̄, ā] has Morley rank at least α+ 1.

Hint: Given such a sequence (ψn[x̄, b̄n])n∈N, choose some ℵ0-saturated elementary substructure
M of U containing ā ∪ {b̄n}n∈N.

Assuming that φ[x̄, ā] has Morley rank α, how many types over M of Morley rank α contain
φ[x̄, ā]?


