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Exercise 1 (6 points). Consider the language £ = { P, }en, where each P, is a unary predicate,
and let K be the class of all finite structures B for which there exists some natural number n with
P£:®f0rallm2n.

a) Show that K is a Fraissé class.

b) Show that the Fraissé limit A of K satisfies the following property:

For every collection of indices ni,...,n, and my,...,ms with {n;}[_, N {m;};_; = 0, the
definable set . .
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is infinite.
The L-theory T of A is called the theory of independent predicates. Note that T is complete with
quantifier elimination (see also sheet 7 exercise 1 of Model Theory I).
c¢) Does T' eliminate 3°°7
d) Describe explicitly the types with ordinal-valued Morley rank over an Ry-saturated model of T'.
Is T an w-stable theory?

Hint: Prove inductively on « a certain property of formulae first.

Exercise 2 (6 points). The language £ = {f, P,Q, P, | 2 < n € N} consists of a unary function
symbol f, as well as unary predicates P, () and P, for every n > 2 in N.

We consider the L-theory T whose models are exactly the L-structures A such that the universe
is a disjoint union of the infinite sets P and Q*; the function f* restricted to P4 is the identity
and maps Q4 surjectively onto P; moreover, the infinite set P,f‘ consists of the elements a in P
whose fiber (f)~1(a) has size exactly n. Note that T is complete, totally transcendental and has
quantifier elimination.

a) Compute the Morley ranks and degrees of P(y) and Q(x).
b) Compute the Morley rank of f~!(a) where a realizes the type of maximal Morley rank in P.

c¢) Is Morley rank additive in 77
Hint: f(b) = a.

Exercise 3 (3 points). Show that every strongly minimal theory T eliminates 3°°.
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Exercise 4 (5 points). Let T" be a complete first-order theory with infinite models in a fixed
countable language £ and work in a fixed sufficiently saturated model U of T'.

a) Suppose that there is a formula ¢[Z, g| such that for every natural number n > 1 there is a finite

sequence(a;, b;)i<n of tuples with
UE ¢la,b)] < i<j
for all i and j in {1,...,n}. Conclude that T is not w-stable.
Hint: Write a partial type in countably many variables.
Consider now an indiscernible sequence (ay,)nen of tuples of some fixed length in U.

b) Show that the collection of U-instances
Av((@n)nen) = {p[z,b] | b€ U & U = ¢[an, b] for all but finitely many n}
is always a partial type with parameters in U.

c¢) Show that Av((a,)nen) is a (complete) type if T is w-stable.
Hint: Use indiscernibility and part a).

d) Provide an explicit example of a theory 7" and a non-constant indiscernible sequence (G, )neN
such that Av((a@,)nen) is not complete.



