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Exercise 1 (6 points).
Consider the ordered sets Q and R as structures in the language {<}.

a) Show that in every ℵ1-saturated extension U of Q, there exists a positive infinitesimal element
ε. Is the type of ε over Q definable?

b) Is the type of the element
√
2 in R over Q definable?

Hint: Automorphisms or QE.

We now assume that T is an ω-stable theory in a countable language L and work inside a saturated
model U of T of cardinality |U| = κ sufficiently large.

c) Given a fixed L-formula φ[x, y] and a small elementary substructure M of U, show that for a
fixed type p over M , any two φ-definitions of p are logically equivalent.

NOTE: Unless explicitly stated, from now on, we work inside a sufficiently large saturated model
U of an ω-stable complete first-order theory T with infinite models in a fixed countable language
L. All subsets of U are small (with respect to the cardinality of U), unless stated otherwise.

Exercise 2 (5 points).

a) Show that ā |⌣B
acl(B) for every finite tuple ā from U and every subset B of U, where acl(B)

denotes the model theoretic algebraic closure of B in U.
Hint: Automorphisms.

b) A sequence (ān)n∈N is independent over B if ān |⌣B
ā0, . . . , ān−1 for all n ≥ 1 in N.

Given an independent sequence (ān)n∈N and some C ⊃ B with {ān}n∈N |⌣B
C, show that the

sequence (ān)n∈N is also independent over C.

Exercise 3 (6 points).
Assume now that the universe U of T admits a group law · such that the map

U×U → U
(x, y) 7→ x · y−1

is definable.

a) If H is a definable subgroup of U, show that RM(H) = RM(x = x) if and only if H has finite
index in U.
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The group U is connected if U has no proper definable subgroups of finite index. If the group
U is abelian, then it is divisible if for every x in U and every n ≥ 1 in N, there exists some y in U
with yn = x.

b) Assume now that U is strongly minimal (but possibly non-abelian). Show that U is connected.

c) Show that if the abelian group U is divisible, then it is connected. Is the multiplicative group
(R \ {0}, ·) connected?

Exercise 4 (3 points). Let A ⊂ U be a subset of parameters. Consider a definable subset X of
Un (possibly with additional parameters b̄ outside of A). Show that the trace of X in A, that is, the
intersection X ∩ An, is definable over A: there exists a definable subset Y ⊂ Un using parameters
from A with X ∩An = Y ∩An.

Hint: Types over A are definable.


