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NOTE: Throughout, we work inside a sufficiently large saturated model U of an ω-stable complete
first-order theory T with infinite models in a fixed countable language L. All subsets of U are small
(with respect to the cardinality of U), unless stated otherwise.

Recall (Auxiliary lemma): For every Leq-formula φ[x̄, y1, . . . , yn] with x̄ a tuple of real variables and
yi a variable of sort SEi (where Ei is an equivalence-relation on Uni×Uni) there exists an L-formula
φ̃[x̄, z̄1, . . . , z̄n] (where z̄i is a tuple of length ni) such that for all tuples ā, b̄1, . . . , b̄n from U holds:

U ⊨ φ̃[ā, b̄1, . . . , b̄n] ⇔ Ueq ⊨ φ[ā, πE1(b̄1), . . . , πEn(b̄n)]

Exercise 1 (3 points).

a) Let B ⊂ Ueq and let p(y) be a type of sort SE over B. For every b in B choose a representative
d̄ in U and let D be the set of all such representatives. Consider the collection

π(z̄) = {φ̃[z̄, d̄1, . . . , d̄n] | d̄1, . . . , d̄n ∈ D and φ[y, πE1(d̄1), . . . , πEn(d̄n)] ∈ p}

where φ̃ is as in the auxiliary lemma. Show that π(z̄) is a partial type.

b) Conclude that Ueq is saturated in its cardinality.

Exercise 2 (3 points). Given an interpretable equivalence relation F without parameters on some
cartesian product of imaginary sorts, show that there is some L-definable equivalence relation E
without parameters such that every equivalence class modulo F is interdefinable with an imaginary
in the sort SE . Deduce that T eq has elimination of imaginaries.

Exercise 3 (7 points). Two tuples ā and b̄ of the same length n have the same strong type over C
if they belong to the same class with respect to every C-definable equivalence relation on Un ×Un

with only finitely many equivalence classes.

a) If ā and b̄ have the same strong type over C, show that ā ≡C b̄.

b) Show that all elements of an indiscernible sequence (an)n∈N have the same strong type over C.
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Let now L = {f, P,Q} be the language consisting of a unary function symbol f , as well as
unary predicates P and Q. We consider the L-theory T whose models are exactly the L-structures
A such that the universe is a disjoint union of the infinite set QA and the set PA which has size 3;
the function fA restricted to PA is the identity and maps QA surjectively onto PA; moreover for
every a in PA the fiber (fA)−1(a) is infinite. Note that T is complete with quantifier elimination.

c) Show that T is totally transcendental. Compute the Morley ranks and degrees of P (y) and Q(x).

d) Show that all elements in QU have the same type over ∅. Do they also have the same strong
type over ∅?

Exercise 4 (7 points).
Consider the field C of complex numbers as a saturated model of the strongly minimal theory

ACF0 in the language of rings.

a) Given b1, . . . , bn algebraically independent, show that the definable set

X =

{
(x1, . . . , xn) ∈ Cn |

n∑
i=1

bi · xi = 1

}

has Morley degree 1. What is its Morley rank?

Hint: Duality of Morley degree and types.

b) Show that the canonical parameter ⌜X⌝ of X is interdefinable with the tuple (b1, . . . , bn).

c) Choose a sequence ā1, . . . , ān of elements, all realizing the type of maximal Morley rank of X,
independent over B = {b1, . . . , bn}. Show that ⌜X⌝ is definable over {ā1, . . . , ān}.
Hint: Cramer. Compute dimensions.


