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NOTE: Throughout, we work inside a sufficiently saturated model U of a complete first-order
theory T' with infinite models in a fixed countable language L. All subsets of U are small (with
respect to the cardinality of U), unless stated otherwise.

Exercise 1 (9 Points). Given a type p over A and a subset C' of A, we say that p is coheir over
C' if every instance p(x,a) in p has a realization in C'. Notice that every type over an elementary
substructure M of U is a coheir over M.

a) Give an example of a type over A which is not coheir over A.

b) Assume that p in S(A) is a coheir over C. Show that for every B D A, there exists an extension
q of p over B which is coheir over C'.

c¢) Give an explicit example of tuples a and b as well as an elementary substructure M of a suitable
theory T such that tp(a/M,b) is coheir over M but tp(b/M,a) is not.

Hint: DLO

Fix now an elementary substructure M of U. For a subset B D M we denote by S a7(B) the subset
of S(B) consisting of those types over B which are coheir over M.

d) Show that for every set B D M the set S a/(B) is closed in S(B).

e) Show that every type pin S¢ p/(U) is M-invariant, that is the type p is fixed by all automorphisms
of U fixing M pointwise.

f) Conclude that the size of the set S¢ p/(U) of global coheirs over M is bounded by 202"

Hint: Notice that a global type p is completely determined by the collection of restrictions p [,
as @[z, y| runs over all formulae.

NOTE: From now on, we assume that 1" is w-stable and that U is a large saturated model.

Exercise 2 (6 points). Let p be a stationary type over a set of parameters A. A Morley-sequence
of length a in p is a sequence (bg)g<q of realizations of p that is independent over A (see sheet 4,
exercise 2).

a) Show that for every stationary type p over A and every ordinal number « > 1 there exists a
Morley-sequence in p of length a.
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b) Show that every Morley-sequence (of arbitrary length) in the stationary type p over A is A-
indiscernible.

Hint: Stationarity and automorphisms.

c¢) Conclude that any two Morley-sequences of the same finite length of the stationary type p over
A have the same type over A (seeing the sequence as a long tuple).

Exercise 3 (5 points). Assume that for every definable subset X in U there exists a smallest
algebraically closed subset A of parameters over which X is definable. Show that T has weak eli-
mination of imaginaries.

Hint: What is the cardinality of acl(Ap) for Ay finite?



