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NOTE: Throughout, we work inside a sufficiently large saturated model U of an ω-stable complete
first-order theory T with infinite models in a fixed countable language L. All subsets of U are small
(with respect to the cardinality of U), unless stated otherwise.

Exercise 1 (6 Points). Consider a definable group G acting definably on a definable set X, all
possibly with parameters from U.
a) Given an arbitrary (non-empty) subset S of X, show that there are s1, . . . , sn in S such that for

all g ∈ G
g ⋆ s = s for all s in S ⇐⇒ g ⋆ si = si for i = 1, . . . , n.

b) For n ≥ 1 in N, compute the Morley rank of the definable group GLn(C) in the strongly minimal
field C, where GLn(C) is the collection of all regular n× n-matrices in Matn×n(C).

c) Let now S be the collection of strictly upper triangular matrices in Matn×n(C) (so each element
of S is nilpotent!). Find an explicit set of elements si as in a) for the action of GLn(C) on
Matn×n(C) by conjugation.

Exercise 2 (6 points). Consider a fixed subset A of U.
a) Given a tuple b̄ in U, show that b̄ |⌣A

b̄ if and only if b̄ is algebraic over A.

b) Given a superset B of A, show that there exists an elementary substructure M of U containing
A with M |⌣A

B.

Hint: Start by choosing any (small) elementary substructure M0 ⊃ A. Why is there any?

c) Conclude that acl(A) =
⋂

M⪯U
A⊂M

M.

Exercise 3 (5 points). Consider a definable group G = G(x̄, ā) over the parameter ā and denote
by G0(x̄, ā) its connected component.

a) If H = H(x̄, b̄) is a definable subgroup of G with parameter b̄, show that there exists an instance
ψ(ȳ, ā) in tp(b̄/ā) such that whenever c̄ realizes ψ(ȳ, ā), then the set H(x̄, c̄) is a subgroup of G.

b) If H = H(x̄, b̄) has finite index, show that we can choose ψ as above such that H(x̄, c̄) also has
finite index for all realizations c̄ of ψ(ȳ, ā).

c) Conclude that the connected component of the definable group G(U1, ā) is G
0(U1, ā), where U1

is an elementary superstructure of U and we do not require U1 to be saturated in its cardinality.
In particular, connectedness does not depend on the ambient model U.

Please turn the page!!

The exercise sheets can be handed in in pairs (by two people). Submit them in the
mailbox 3.19 in the basement of the Mathematical Institute.



Exercise 4 (3 points). Given a subset C of U and tuples ā and b̄ show that tp(ā/C ∪ {b̄}) is a
heir of tp(ā/C) if and only if tp(b̄/C ∪ {ā}) is a coheir of tp(b̄/C).


