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Exercise 1 (6 points).
Consider the theory T from sheet 2, exercise 1 in the extended language L = {E} ∪ {cn}1≤n∈N

such that in every model M of T the relation EM is an equivalence relation which has for every
natural number n ≥ 1 exactly one equivalence class of size n, namely the equivalence class of cMn .

a) Show that T does not eliminate the quantifier ∃∞.

b) Give an explicit example of a Vaughtian pair.

Now consider the theory T of sheet 4, exercise 1 in the language L = {E} of an equivalence relation
with infinitly many classes which are all infinite.

c) Does T eliminate the quantifier ∃∞?

Exercise 2 (3 points).
Let T be a countable complete L-theory without finite models which has no Vaughtian pair.

Given a model M of T , let φ[x, m̄] be an M -instance of an L-formula such that the definable set
φ[M, m̄] is infinite. Show that M and φ[M, m̄] have the same cardinality.

Exercise 3 (4 points).
Consider a language L which contains a unary predicate P as well as a family (Mn)n∈N of

L-structures such that for all n in N the interpretation PMn of the predicate is an elementary
substructure of Mn. Given an ultrafilter U on N, show that the interpretation PM of the predicate
in the ultraproduct M =

∏
U Mn is an elementary substructure of M.

Exercise 4 (7 points).
In the language L = {0, s, <} with a unary function symbol s and a binary relation symbol <

consider the L-structure N0 = (N, 0N0 , sN0 , <N0) where s is interpreted as the successor function
and < as the usual order. Note that T := Th(N0) has quantifier elimination (c.f. exercise 2 of
sheet 3).

a) Describe informally the ℵ0-saturated models of T .

Hint: in N0 every element x ̸= 0 has a predecessor + DLO

b) Conclude that T is not ω-stable.

Hint: DLO. (Please turn the page!)

The exercise sheets can be handed in in pairs. Submit them in the mailbox 3.19 in
the basement of the Mathematical Institute.



c) Prove that the formula x
.
= x is minimal in N0.

d) Show that there is an elementary extension N of N0 such that x
.
= x is not minimal in N .

e) Give an explicit example of a Vaughtian pair of models of T .


