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Exercise 1 (5 points).
Consider the theory T of the random graph in the language £ = {R} consisting of a binary
relation symbol R for the edge relation.

a) Does T have a Vaughtian pair?
Hint: Sheet 6, exercise 1

b) Does T eliminate the quantifier 3°°7
c¢) Is the formula = x minimal in any model of 7?7

Exercise 2 (8 points).
Consider the theory T of the structure (Z,0,x — x+1) in the language £ = {0, s} (c.f. exercise
2 of sheet 3 and exercise 3 of sheet 8).

a) Is T uncountably categorical?

Hint: Sheet 11, exercise 4 a).
b) Show that the formula z = z is minimal in every model of 7.
¢) What is the dimension of (Z,0,z — x + 1) with respect to the minimal formula x = x?

d) Produce using part b) in every Nj-saturated model M a countable non-trivial indiscernible
sequence (ay)peN-

Exercise 3 (7 points).
Let M be an Ng-saturated model of an uncountably categorical countable theory T" and @[z, m]
a minimal instance with parameters in M.

a) Show that the dimension of ¢[M,m| over m is infinite.

Now assume that there is a minimal instance ¢[z] without parameters, so in particular ¢[z] is a
minimal instance in every model of T'. We assume furthermore that 71" is not Nyp-categorical

b) Show that there must be a countable model Mg of T such that ¢[My] has finite dimension & in
N.
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c) Given a in [M] \ ¢[My] (why is there such an a?), let M; be the constructible model over
My U {a}. Show that the dimension of p[M;] is exactly k + 1.

Hint: For b in M;, what do we know about tp™1(b/Mg U {a})? Recall that ¢[My] is infinite
and @[z] is strongly minimal.

d) Conclude that 7" has countably many non-isomorphic countable models.



