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Exercise 1 (6 points).
In the language L = {R} consisting of a binary relation R consider the theory T of the random

graph (see Exercise 1, Sheet 4). Recall that in every model A of T the property (⋆) holds: given
finite disjoint subset C and D of A there is an element b of A connected to all c in C (i.e. such
that (b, c) lies in RA) but not connected to any element in D

a) Show that for every natural number n ≥ 1 all n-types in Sn(T ) are isolated. Conclude that
every countable model of T is a prime model.

b) Show that in property (⋆), there are infinitely many such b’s. Conclude that no countable model
of T is minimal, where a model A of a theory T is minimal if it contains no proper submodel of
T .

c) Is T totally transcendental?

Exercise 2 (7 points).
Given a structure M in a fixed language L and a subset B ⊂ M , consider the restriction map

on the first variable:

π : SM
2 (B) → SM

1 (B).

q(x, y) 7→ {φ[x] B-instance s.t. φ[x] ∈ q(x, y)}.

a) Show that π is well-defined and continuous.

b) Show that the map π is both closed and open.

c) Now let p(x) = tp(a/B) in SM
1 (B) be a realized type. Show that the map:

f : SM
1 (B ∪ {a}) → π−1(p) ⊂ SM

2 (B)

q(y) 7→ p(x) ∪ {φ[x, y] B-instance s.t. φ[a, y] ∈ q(y)}.

is well defined and bijective.

(Please turn the page!)

The exercise sheets can be handed in in pairs. Submit them in the mailbox 3.19 in
the basement of the Mathematical Institute.



Exercise 3 (3 points).
Consider a countable consistent theory T in a given language L. Let C be an infinite set of new

constant symbols and consider the type-space SL∪C
0 (T ) of all completions of T as an L∪C-theory.

Given an L-formula φ[x] in one free variable, define

U(φ) = {T ′ ∈ SL∪C
0 (T ) |T ′ |= (∃xφ[x] → φ[c]) for an element c of C}.

Show that U(φ) is open and dense in SL∪C
0 (T ).

Hint: Any sentence χ in T ′ contains only finitely many constants from C.

Exercise 4 (4 points).
Given a complete theory T in a given language L, let p(x) be an element of S1(T ) such that in

every model A of T there are only finitely many realizations of p.

a) Show that there is a natural number n such that p contains a formula φ[x] with the property
that T ⊨ ∃≤nxφ[x].

b) Conclude that p is isolated.

Hint: Do all solutions of P (T ) = T 4 − 1 in C have the same (quantifier-free) type?


