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Problem 1: (5 points) An integral domain A is called Euclidean, if there is a map

N : A \ {0} → Z>0 (“Euclidean norm”)

such that for every a, b ∈ A \ {0} such that b 6= 0, there are q, r ∈ A such that a = qb+ r
and either r = 0 or N(r) < N(b).
Show that if A is Euclidean, then A is a PID (= principal ideal domain).

Hint: Let a be a non-zero ideal of A. Choose b ∈ a \ {0} with N(b) minimal.

Problem 2: (4+1+2+2 points) Let Z[i] = {a + bi | a, b ∈ Z} ⊆ C the ring of Gaussian
integers.

(1) Show that Z[i] is a Euclidean domain with respect to the norm N : Z[i] \ {0} → Z>0

defined by

N(a+ bi) := a2 + b2.

Hint: For every z ∈ C, there is w ∈ Z[i] such that |z − w| ≤ 1√
2
. (Why?)

(2) Show that N is multiplicative, i.e., N(w1w2) = N(w1)N(w2) for every w1, w2 ∈
Z[i] \ {0}.

(3) Determine the units of Z[i].

(4) Let p be a prime number. Show that any element of Z[i] which has norm p is irre-
ducible (and hence prime).

Problem 3: (3 points) Prove or disprove: is Z[
√

3] the ring of integers of Q(
√

3)?

Problem 4: (3 points) Prove or disprove: is Z[
√

5] the ring of integers of Q(
√

5)?

Bonus Problem 5: (5 points) Let K = Q(α), where α is a root of X3+X2−2X+8 ∈ Z[X].
Find the minimal polynomial of

β :=
α+ α2

2

over Q. Is β ∈ OK?
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