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Problem 1: (4 points)
Let K be a number field and α ∈ OK . Show that NK/Q(α) and trK/Q(α) are integers.
Conclude that α is a unit in OK if and only if NK/Q(α) ∈ {±1}.

Problem 2: (1+1+2+1+1 points)
Let K be any field and

f = anX
n + . . .+ a1X + a0 ∈ K[X], an 6= 0.

Let β1, . . . , βn be the roots of f in a splitting field of f (or an algebraically closed field
containing K). The discriminant of f is defined by

∆(f) := a2n−2
n

∏
i<j

(βi − βj)2.

Show the following basic properties of the discriminant:

(1) ∆(f) does not depend on the numbering of β1, . . . , βn.

(2) ∆(f) 6= 0 if and only if f has no multiple roots.

(3) ∆(f) ∈ K.

(4) If L/K is a finite separable field extension and α ∈ L, then ∆(mα) 6= 0, where
mα ∈ K[X] is the minimal polynomial of α over K.

Furthermore:

(5) Compute the discriminant of a real quadratic polynomial f = aX2 + bX+ c ∈ R[X],
a 6= 0.

Problem 3: (5 points)
Let d ∈ Z \ {0, 1} be square free. Compute the discriminant of the quadratic number field
Q(
√
d).

Problem 4: (5 points)
Let L/K be a finite separable field extension. By the primitive element theorem, there
exists α ∈ L such that L = K[α]. Show that the discriminant of L/K equals ∆(mα), the
discriminant of the minimal polynomial of α over K.
Hint: You might want to use the formula for the determinant of a Vandermonde matrix.

https://en.wikipedia.org/wiki/Vandermonde_matrix
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