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Problem 1: (5 points)
Let K be a number field and α ∈ OK a primitive element for K, i.e., K = Q(α). Show
that

C := {γ ∈ OK | γOK ⊆ Z[α]}

is a non-zero ideal of OK .

For the following exercise(s), you may use the following result without proof:

Theorem (Dedekind). Let K be a number field, α ∈ OK a primitive element for K and
p a prime number such that pOK is coprime to C (as defined in Problem 1). Denote by
f ∈ Z[X] the minimal polynomial of α and let

f = qe11 · . . . · q
er
r

the decomposition of the reduction f ∈ Fp[X] of f into irreducibles (i.e., the qi are pairwise
distinct, irreducible, and ei ≥ 1). Then the prime decomposition of pOK is given by

pOK = pe11 · . . . · p
er
r , pi := (p, qi(α)),

where qi is any preimage of qi under the quotient map Z[X]→ Fp[X].

Problem 2: (5 points)
Let K = Q(

√
−19). Find the prime decomposition of pOK for each p ∈ {2, 3, 5, 7}.

Problem 3: (4 points)
Show that the class group of Q(

√
−5) contains an element of order 2.

Problem 4: (6 points)
Let A be a Dedekind domain. Let a1, a2 ⊆ A be two non-zero ideals. Show that there is
an ideal (0) 6= b ⊆ A which satisfies the following two properties simultaneously:

(i) b is coprime to a2 (i.e., no prime ideal occurring in the prime decomposition of a2
occurs in the prime decomposition of b), and

(ii) a1b is a principal ideal.

Hint: Let p1, . . . , pr be the prime ideals dividing a2. Then the sets

Mi := a1 · p1 · . . . · pi−1 · pi+1 · . . . · pr \ pia1

are non-empty for all i. (Why?)
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