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Problem 1: (243 points)
Let (V, (-,-)) be a Euclidean vector space of dimension n.

(1) Let A, A’ be complete lattices in V. Furthermore, we let (v1,...,v,) and (v],...,v))

be Z-bases of A and A’, respectively. Denote by A = (aj;)i; € GL(n,R) the matrix
whose entries are given by

n
/ j—
’Uj = aijvi.
=1

Show that vol(A’) = | det(A)| vol(A).

(2) Let A CV be a complete lattice and let A’ C A be a sublattice of finite index, i.e.,
(A:A')=]|A/N'| < co. Show that A" is complete and that

vol(A") = (A : ') - vol(A).

Hint: You may use the structure theorem for finitely generated modules over a PID
without proving it. Over Z, it asserts that

Theorem. Let M be a finitely generated Z-module. Then there exist r > 0 and
positive integers dy,...,ds such that

M=Z xZ/LT x ... x L)dZ
and d; | dit1 for all i.

Problem 2: (343432 points)
Let p be a prime.

(1) Show that there exist integers u, v such that u> +v? +1 =0 (mod p).

Hint: The statement is clear for p = 2. For odd p, investigate the sets

S ={u? (modp)|ucZ} and S ' ={-1-v? (modp)|veZ}.

(2) For u,v € Z such that u? + v?> +1 =0 (mod p), define the subgroup
Ay = {(a,b,c,d) €Z* | c=ua+vb (modp) and d=ub—va (modp)}.

of Z*. Show that Ay, has index < p? in Z*. Conclude that A, , is a complete lattice
in R*, whose volume is < p?.

(3) Show that p is a sum of four perfect squares.

Hint: The volume of an (open) ball of radius R in R* is given by % - R*. What
happens for R = /2p?



(4) Show that every positive integer n € Z~g is the sum of four perfect squares.

Hint: Use that the Euclidean norm on R* coincides with the multiplicative (!) norm
of quaternions, that is, for (a,b,c,d) € R, one has

1(a,b,¢,d)||* = |a + bi + cj + dk|*.

Ezplanation: The space of |quaternions H is a 4-dimensional R-vector space spanned
by {1,4,j,k}. The rules

i?=j32=k=—-1, ij=—ji, ij=k, i, j, kcommute with real numbers

turn H into an R-algebra. One can show that H is a skew-field (but not a field, since
the multiplication is not commutative).

(Feel free to use the above-mentioned facts about quaternions without providing
proofs.)

Problem 3: (4 points)
Let L; (1 <i <mn) be real linear forms given by

n
Li(:cb . ,:En) = Zaijx]—.
j=1

Write A := (a;j)i; and assume that det(A) # 0. Let c1,...,¢, be positive real numbers
such that

|det(A)] <ci-...-cn.
Show that there is (m1,...,my) € Z™ \ {0} such that

|Li(m17 s 7mn)| <¢

for all .

Abgabedetails:
Wann? Bis spétestens Donnerstag, 12. Dezember 2024, 12:00.

Wo? Sie haben zwei Optionen:
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