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I) Symplectic Reduction

One of the fundamental principles in sym-

plectic geometry: symplectic reduction

• allows to reduce the analysis of a me-

chanical system with symmetries to the

analysis of a smaller one,

• is a method of producing new symplec-

tic manifolds from known ones.

First instances of this principle already ap-

pear in the works of Euler (Theoria motus

corporum solidorum seu rigidorum, 1765)

and Lie (Theorie der Transformationsgrup-

pen, 1876).

One of the �rst formalised versions is due

to Marsden and Weinstein (1974):



Proposition 1 (MW74). Let (X, ω) be a

symplectic manifold, L a Lie group, let

L × X → X be a Hamiltonian action with

momentum map µ : X → l∗. Assume that

• ML = µ−1(0) ⊂ X is smooth,

• the action of L on ML is free.

Then,ML/L is smooth and carries a sym-

plectic form ωred such that

π∗L(ωred) = ω|ML

holds, where πL : ML → ML/L denotes

the quotient map.

If H ∈ C∞(M)L, then there exits a reduced

Hamiltonian Hred on ML/L such that

π∗L(Hred) = H|ML
.



Removing these very restrictive regularity

assumptions leads to the following ques-

tion:

What kind of space is ML/L in general

and which structures of our starting ob-

ject X descend to the quotient?



In particular,

• Does ML/L have a smooth structure?

If yes, what are the smooth functions?

• If X is a complex manifold, doesML/L

carry a complex structure? If yes, what

are the holomorphic functions?

• If X is Kähler, does the quotient admit

a Kähler structure?

• If X is algebraic, what can be said about

ML/L?

• Do line bundles descend to the quo-

tient? Does quantisation commute with

reduction?



II) Kählerian reduction

Theorem 2 (HHL94). Let X be a Kähler

manifold on which the complex-reductive

group H = LC acts holomorphically. As-

sume that the action of L on X is Hamil-

tonian with momentum map µL : X → l∗.

Let ML := µ−1
L (0).

We de�ne the set of semistable points as

X(ML) := {x ∈ X|H · x ∩ML 6= ∅}.

Then, the quotient X(ML)//H =: QH ex-

ists as a complex space and the following

diagram commutes:

ML
� � //

πL
��

X(ML)
πH

��

ML/L ' // QH .

Furthermore, the complex space QH car-

ries a Kähler structure induced by the home-

omorphism ML/L ' QH which is smooth

along a natural strati�cation of QH.



Complex spaces

The notion of complex space generalises

the notion of complex manifold. In partic-

ular, complex spaces are allowed to have

singularities.

In our setup, even when starting with a

complex manifold, in almost every case,

the quotient QH will be singular.

Example 3.Consider L = H = Z2 = {±1}.

Z2 × C2 → C2,

(t, (z, w)) 7→ (tz, tw)

is Hamiltonian w.r.t. the std. form on C2.

We haveML = C2. The quotient C2/Z2 =

QH is biholomorphic to

{(x, y, z) ∈ C3|xz = y2} ⊂ C3.

This is a quadratic cone.



However, these complex analytic singular-

ities are controllable:

Let A denote the set of singular points of

QH. Then,

• the set A ⊂ QH is analytic; in particu-

lar, A ⊂ QH has measure zero in QH

• the smooth part QH \A is open, dense,

and connected.

• by iteration, we get a canonical strati-

�cation of QH into complex manifolds

Moreover, by a theorem of Boutot, the

quotient QH has only rational singula-

rities. This to some extend gives us con-

trol over the analytic cohomology groups

of QH.



Singularities of Kähler structures

Let (S1)C = C∗ act on C2 by

t • (z, w) = (tz, t−1w).

The action of S1 is Hamiltonian. We have

ML = {(z, w)||z|2 − |w|2 = 0},

C2(ML) = C2.

The quotient QH is biholomorphic to C
(smooth !), the quotient map is given by

(z, w) 7→ zw.



The Kähler form i
2(dz ∧ dz̄ + dw ∧ dw̄) has

a global potential (a strictly plurisubhar-

monic function):

ω = i∂∂̄ρ,

where ρ(z, w) = |z|2+ |w|2. The restriction
ρ|ML

is S1-invariant and hence induces a

continuous function

ρred ∈ C0(ML/L) = C0(QH) = C0(C).

This is a continuous strictly pluri-subhar-

monic function on QH and in this sense

de�nes a Kähler structure. We compute

ρred(v) = |v|.

Regularity of ρred:

• ρred : QH → R is not smooth.

• ρred is smooth on the open, dense, con-

nected set S = C∗ of QH, where it de-

�nes a Kähler form; QH \ S is analytic.



Strati�cations / Finding S

Look at the orbit geometry of X = C2.

We see
C∗ − orbits
through
ML

←→


closed
C∗ − orbits
in X(ML)

 .

Isotropy groups of closed orbits:

• C∗ �xes (0,0),

• every other point inML has trivial C∗-
isotropy.

Hence, S is the image (under πC∗) of the

set of closed orbits with the �smallest� iso-

tropy groups among all isotropy groups of

closed orbits.



In the general case, one can show that

the quotient has a strati�cation {Sγ} (the
quotient strati�cation) into smooth man-

ifolds along which the Kähler structure is

smooth.

It is given by the conjugacy classes of iso-

tropy groups of closed orbits in X(ML).



III) Kählerian reduction in steps

Let (X, ω) be a Kähler manifold. Let L and

L̃ be Lie groups. Let K = L × L̃ act in a

Hamiltonian fashion on X with momentum

map µ : X → k∗ = l∗ ⊕ l̃∗.

Then, the action of L on X is Hamiltonian

with momentum map µL = prl ◦ µ and we

can form µ−1
L (0)/L =: QH.

The following questions arise:

• Does the reduced system on QH have

L̃-symmetry ? Is there a Kählerian re-

duction of QH by L̃ ?

• If yes, what is the relation between

µ−1(0)/K and the Kählerian reduction

of QH by L̃ ?



Consider the action of L̃C = C∗ on X = C2

given by

t • (z, w) = (tz, tw).

This action commutes with the action of

LC and hence LC×L̃C = C∗×C∗ =: KC acts

on C2. The action of S1 × S1 is Hamilto-

nian with momentum �bre M = {(0,0)}
and X(M) = C2. We have

• L̃C acts on QH via t • v = t2v,

• the quotient map πLC : X → QH is L̃C-

equivariant,

We are now considering the action of L̃C

on the Kähler space QH which is strati�ed

as QH = S ∪ {0}.



Note that

• the quotient of QH by the action of L̃

exists,

• the quotient strati�cation is L̃C-invariant,

• the action of L̃ on QH is Hamiltonian

with momentum �breMQH
= πLC(M),

• the Kähler structure ρred is smooth a-

long the strati�cation of QH that is

given by intersection of the strati�ca-

tion w.r.t. the L̃C-action and the quo-

tient strati�cation

Hence, the quotient QH//L̃C can be given

the structure of a strati�ed Kählerian space.



Comparing the constructions of the two

quotients, we get

Proposition 4.Kählerian reduction of strat-

i�ed Kähler spaces can be done in steps:

Let K = L× L̃ (or more generally: L C K).

With the notations introduced above, we

have the following commutative diagram

of strati�ed Kählerian spaces:

X(M) //

��

X(M)//KC

X(M)//LC

55kkkkkkkkkkkkkk

In particular,
(
X(M)//LC

)
//L̃C exists and

has the structure of a strati�ed Kählerian

space. It is biholomorphic to X(M)//KC.

Furthermore, both the induced Kählerian

structures and the strati�cations coincide.



IV) Algebraicity of quotients

Theorem 5 (G '06). Let X be a smooth

algebraic variety on which the connected

complex-reductive group LC acts regularly.

Assume that X is Kähler and that the ac-

tion of L on X is Hamiltonian with mo-

mentum map µ : X → l∗. Assume that

ML is compact.

Then, the quotient QH = X(ML)//LC is a

projective algebraic variety.
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