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Suppose A is a symmetric operator on H. Prove:

(i) For all ψ ∈ dom(A),
⟨ψ,Aψ⟩ ∈ R

(ii) Suppose λ is an eigenvalue for A, i.e. Aψ = λψ for some ψ ∈ dom(A), then λ ∈ R.
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Recall the definition of the Fourier transformation of f ∈ L1(Rd):

f̂ ∶ Rd → C, f̂(k) = 1

(2π)d/2 ∫Rd
f(x)e−ik⋅xdx

Show that

(i) The Fourier transformation, also written as F , is bounded as a map F ∶ L1(Rd) → L∞(Rd).

(ii) Convolutions: For f, g ∈ L1(Rd),

f̂ ∗ g(k) = (2π)d/2f̂(k)ĝ(k)

(iii) Derivatives: Let f ∈ L1(Rd), g ∶ Rd → Cd s.t. g(x) = −ixf(x).
If g ∈ L1(Rd), then f̂ ∈ C1(Rd) and ∇f̂ = ĝ.

(iv) Plancherel’s identity: If f ∈ L1 ∩L2(Rd), then f̂ ∈ L2(Rd) and ∥f̂∥2 = ∥f∥2
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Show that every self-adjoint operator A is symmetric and show that the converse does not hold in
general.
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