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Don’t use the Riemann–Lebesgue Lemma to prove the statement.
Let f ∈ C0

c (R), meaning continuous and with compact support
Show that f̂(k) → 0 as ∣k∣ → ∞.

Hint: For k ≠ 0, use the change of variable x↦ x + π
k
and add up the two different

resulting ways of writing f̂(k).
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Let Xi and Pj be the position and momentum operators, respectively, for i, j = 1, . . . , d. Show that

[Xi, Pj] = ih̵ δij ,

where δij is the Kronecker delta defined as δij =
⎧⎪⎪⎨⎪⎪⎩

1, i = j,
0, else.

Hint: Simply work on test functions ψ ∈ C∞0 (R) and do not worry about the do-
mains of the above unbounded operators for this exercise.
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Let ψ ∈ L2(R) with ∥ψ∥L2(R) = 1 such that xψ ∈ L2(R), and x2ψ ∈ L2(R). Prove that

⟨ψ,X2ψ⟩ ≥ (⟨ψ,Xψ⟩)2

where X is the position operator.

Hint: Recall Jensen’s inequality: given a probability space (Ω,A, µ), a measurable
function f ∶ Ω→ R and φ ∶ R→ R convex,

φ(∫
Ω
f(x)dµ(x)) ≤ ∫

Ω
φ(f(x))dµ(x).
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