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Consider a vector space V over C and let A,B,C be bounded linear operators on V and α ∈ C.

(i) Prove that [A,B + αC] = [A,B] + α[A,C].

(ii) Prove that [B,A] = −[A,B].

(iii) Prove that [A,BC] = [A,B]C +B[A,C].

(iv) Prove that [A, [B,C]] = [[A,B],C] + [B, [A,C]].

Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13:Exercise 13: (5 Points)

LetH be a Hilbert space and let A and B be linear operators onH such that there exists α ∈ C∖{0}
with

[A,B] = α id.

Prove that A and B cannot both be bounded.

Hint: Assume both are bounded; consider ∥[A,Bn]∥ and derive a contradiction.
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Recall the definition of H2(R) as

H2(R) ∶= {ψ ∈ L2(R) ∣ k2ψ̂(k) ∈ L2(R)}.

In class we defined the map that to any inital datum ψ0 ∈ L2(R) would associate

ψt ∶= Û0(t)ψ0,

defined via the Hamiltonian H0 ∶= − d2

dx2 qith domain dom(H0) = H2(R). Indeed if U0(t)ψ0 is
defined for any ψ0 ∈ S(R) as the unique solution of

⎧⎪⎪⎨⎪⎪⎩

ih̵ ∂t(U0(t)ψ0) =H0U0(t)ψ0,

U0(0)ψ0∣t=0 = ψ0,

then Ũ0(t) is defined by density on the whole space L2(R), and coincides with U0(t) on S(R).
Prove that if ψ0 ∈D(H0) =H2(R), then ψt ∈D(H0) for all t ∈ R.

1


