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Let H = − d2

dx2 + ω2x2 be the Hamiltonian acting on H2(R) with ω ∈ R>0
(i) Define the ladder operators

a± ∶=
1√
2
[
√
ωx ∓ i 1√

ω

d

dx
]

and show that

(a) [a−, a+] = 1
(b) H = ω(2N + 1), where N ∶= a+a−
(c) [N,a±] = ±a±.

(ii) Show that the spectrum of N , (σ(N)) is contained in the set of natural numbers, i.e. σ(N) ⊂
N.

Hint: Obserse that if Nψ = nψ for some ψ /= 0, then Na±ψ = (n±1)ψ (therefore the
name ”ladder operator”).‘

(iii) Show that σ(N) = N.

Hint: It suffices to find ψ0 /= 0 s.t. Nψ0 = 0. Why?
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Prove that, for two operators A and B on H

eA+B = eAeBe−
1
2
[A,B]

if [A,B] commutes with A and with B.

Hint: Take the derivative of the function F (t) = et(A+B)e−tAe−tB with F (0) = 1 and
deduce the formula.
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Consider the kinetic energy of anN -body system∑N
j=1 −∆xj and the two-body interaction∑N

i<jK(xi−
xj), xi ∈ R3. Compute their expectations in the state ψN ∈ L2(R3N) and show that the following
identities for the density matrices

γ
(1)
N (x1;x

′
1) = ∫R3(N−1)

ψN(x1, x2, . . . , xN)ψN(x′1, x2, . . . , xN)dx2⋯dxN .

γ
(2)
N (x1, x2;x

′
1, x
′
2) = ∫R3(N−2)

ψN(x1, x2, x3, . . . , xN)ψN(x′1, x′2, x3, . . . , xN)dx3⋯dxN .

holds:

(a) ⟨ψN ,∑N
j=1 −∆xjψN ⟩ = tr(−∆γ(1)N )

(b) ⟨ψN ,∑i<jK(xi − xj)ψN ⟩ = 1
2 tr(K(x1 − x2)γ

(2)
N ).
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