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Exercise 15: (6 =2+ 2+ 2 Points)
Let H = —j—; +w?2? be the Hamiltonian acting on H?*(R) with w € Ry

(i) Define the ladder operators

1 1 d
ay 12—2[\/5.%':1: %5]

and show that

(a) [a-,a:]=1

(b) H=w(2N +1), where N :=a,a_

()

(ii) Show that the spectrum of N, (¢(N')) is contained in the set of natural numbers, i.e. o(NN) c
N.

¢) [N,a.] = +as.

HINT: Obserse that if N1 = ny for some ¢ # 0, then Nayv = (n+1)vy (therefore the
name ”ladder operator”).*

(iii) Show that o(N) =N.

HINT: Tt suffices to find tg # 0 s.t. Ni¢pg = 0. Why?

Exercise 16: (4 Points)
Prove that, for two operators A and B on H

-1
GAB _ A B ~3[AB]

if [A, B] commutes with A and with B.
HINT: Take the derivative of the function F(t) = e/ (A*B)e~t4¢7t5 with F(0) = 1 and
deduce the formula.
Exercise 17: (4=2+2 Points)

Consider the kinetic energy of an N-body system Zj]\il —A,, and the two-body interaction ZZJ-X ;K (-
xj), T; € R3. Compute their expectations in the state 1 € L2(R?*Y) and show that the following
identities for the density matrices

1
’}’j(v)(xl;xi): v YN (21,72, .., oN) YN (2], 22, ..., 2N) doo-dTy.
2
vgv)(xl,xg;xll,xé): RS(N72)’(ﬁN(I’l,I’Q,l’g,...,l‘N)i/]N(fL"l,l‘é,l‘g,...,J?N)d.fl?g”‘d.’EN.

holds:
(2) (Un, SNy ~Ag,ton) = tr(-A())

(b) (Un, Tis K (2 — 27)n) = § tr(K (21 - 22)7 ).



