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Let {ϕj}Nj=1 orthonormal functions in L2(R3). Let ϕj = ϕe,+j + ϕ
e,−
j .

Show that
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Remark: The fact that the {ϕj}Nj=1 are orthonormal doesn’t play any role in the proof.
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Show that for a, b > 0 and t ≥ 0

at − btd/(d+2) ≥ − 2
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d
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a−d/2b(d+2)/2.
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Using the proof of Lieb-Thierring inequality, show that ∃c > 0 s.t. ∀ψ ∈ L2
a(R3N)

⟨ψ,
N

∑
j=1
−∆xjψ⟩ ≥ c∫ (γ

(1)
ψ (x,x))

5/2 dx (1)

Hint:
(i) Use the spectral decomposition of γ

(1)
ψ = ∑j λj ∣ϕj⟩⟨ϕj ∣, with 0 ≤ λj ≤ 1,

∑λj = 1 and {ϕj}j orthonormal functions in L2(R3).
(ii) Show that (1) is equivalent to

∑
j
∫ ∣∇ϕj(x)∣2 dx ≥ c∫ (∑

j

λj ∣ϕj(x)∣2)5/3dx. (2)

(iii) Use the proof of the Lieb-Thierring inequality to prove (2).
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