Set Theory Lecturer: Maxwell Levine
Winter term 2024/2025 Assistant: Hannes Jakob
Exercises

Exercise sheet 10 from 10.01.2025

Due at the beginning of the exercise session on 17.01.2025 at 12:05. Typically, any problem is
worth 4 points. A total of at least 50% of all available points is required for the “Studienleistung”.

1. (343 Points) Let M be a ctm, let P,Q € M be partial orders and 7: P — Q an isomorphism
with m € M.
(a) Show that if G is P-generic over M, then 7[G] is Q-generic over M and M[G] = M[n[G]].

(b) Let my be the lift of 7 to the class of P-names. Show that whenever ¢(vi,...,v,) is a
formula, #1,..., %, are P-names and p € P, then

plEo(zy,...,8,) = w(p) Ik O(mi(dr), ..., Tu(Tn))

Hint: Please use the Forcing Theorem.

2. (343 Points) Let P be a partial order. We say that P is almost homogeneous if for any p,q € P
there exists an automorphism 7 of PP such that 7(p) and ¢ are compatible.

(a) Show that Add(w,w) is almost homogeneous.

(b) Suppose that M is a ctm, P € M is almost homogeneous, x1,...,z, € M and p € P.
Show that if p I ¢(&1,...,&y), then 11F ¢(Z1,...,%,). Deduce that for any formula ¢,
either 1 IF ¢(&1,...,%,) or 1IF 2p(Z1,...,En).

3. (4 Points) We say that a poset P is k-closed (elsewhere this might be called < k-closed) if
for any descending sequence (pa)a<u (Where u < k) there is p € IP such that p < p, for any
a < .

Suppose « is a singular cardinal and PP is a k-closed poset. Show that PP is k*-closed.



