CHANGING CARDINAL CHARACTERISTICS WITHOUT

CHANGING w-SEQUENCES OR COFINALITIES

HEIKE MILDENBERGER AND SAHARON SHELAH

ABSTRACT. We show: There are pairs of universes Vi C V> and there
is a notion of forcing P € Vi such that the change mentioned in the
title occurs when going from Vi[G] to V32[G] for a P-generic filter G
over V. We use forcing iterations with partial memories. Moreover,
we implement highly transitive automorphism groups into the forcing
orders.
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In [14] it is shown that some cardinal characteristics can be changed with-

out changing w-sequences or cardinalities, that is we can have two models
Vi C Vs, of ZFC such that (“V;)"2 C V; and such that V; and V; have the
same cardinalities and such that, e.g., 92 < ?"1 (0 is the dominating num-

ber, the minimum size of a subset D C w* such that every function f € w"
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is eventually dominated by some member of D). Since in such a situation
the covering theorem for (Vi,V3) fails, there is consistency strength of at
least a measurable cardinal. In [14] a change of a cofinality of a regular
cardinal in V; was the main step when changing all the entries of Cichon’s
Diagram (for information on cardinal characteristics and Cichon’s Diagram
see e.g. [4, 2, 6, 22]) without changing cardinalities or the reals. In this work
we show that we do not need to change cofinalities in order to change b,
cov(M), cov(N), unif(M) or unif(N') and both additivities without chang-
ing cardinalities or the reals. These are all entries of Cichon’s Diagram that
are not norms of transitive relations. In order to cover all these cases we use
two different procedures.

In Section 1, we show how to change b, unif(M) and cov(N') and both
additivities starting from a bare set-theoretic situation. We use an iteration
with partial memory.

In [14] it is shown that 9, cof(M) and cof(N') cannot be changed if their
values in V; are regular in V5 and if V; and V5 have the same cardinalities.
At the end of Section 1, we shall show that if V; and V5 have the same cofi-
nalities, then these characteristics (and some more, whose definition exhibits
a certain syntax) cannot be changed either when starting from a singular
value in V;.

In Sections 2 to 5, we show how to change unif(N'). We work with partial
random forcing as in [20, 18], however, as we need special instances of the
methods presented there, we (try to) make our present work self-contained.
We include some comments on the connections to [20, 18] and give references
to items we use almost literally, so that the reader may also read these. In
Section 6 we shall present a variation of the techniques for a case with
countable cofinality.

In Section 7, we show how to obtain the set-theoretic assumptions made
in Theorems 1.1 and 2.1 from Gitik’s work in [8, 9].

The authors would like to thank Andreas Blass for reading a section and
commenting.

Notation. Our notation is fairly standard, see [11, 13]. However, we adopt
the Jerusalem convention that the stronger forcing condition is the larger
one. We often use V¥ for V[G], where G is any P-generic filter over V. For
two forcing notions P, ) we write P < () if P is a complete suborder of Q).
A forcing notion P is called o-linked if P = |J, ., P, such that each P, is
linked, that is any two p,q € P, are compatible. Martin’s axiom for less than
A dense subsets of a o-linked partial order is denoted by MA . (c-linked).
We speak of w®, the set of all functions from w to w, as the reals. For
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fsg € w” we write f <* g if InVk > n f(k) < g(k). The ideal of Lebesgue
null sets is denoted by A, and the ideal of meagre sets is denoted by M.
The bounding number, b, is the smallest size of a subset B C w* such that
for any f € w” there is some b € B such that b £* f. Let Z be an ideal
on the reals. The uniformity of Z C P(w), unif(Z), is the smallest size of a
subset of the reals that is not a member of Z. The covering number of Z,
cov(Z), is the smallest size of a subfamily of Z whose union covers the reals.
The additivity of Z, add(Z), is the smallest size of a subset of Z whose union
is not in Z.

1. CHANGING THE UNIFORMITY OF CATEGORY

In this section, we show how to change unif(M). Since add(M) < b <
unif(M) and add(N) < cov(N) < unif(M) (for proofs of these inequal-
ities, see [7], e.g.), and in the beginning, that is in V;[G], everything is
large because of an instance of Martin’s axiom, the other four mentioned
characteristics drop as well.

Theorem 1.1. Assume that we have
a) Vi C Vs, both models of ZFC, (“V1)¥2 C V1,

b) p is a cardinal in Vo, C C u, C € Vo, T € Vs is an Wy-complete proper
ideal on P(C),

¢) 3N < p such that VB € V1, if V1 = |B| < A, then BNC € Z,

d) Vi =X >Ny and X is regular.
Then for some P

a) Vi |= P is a finite support iteration of o-linked forcing notions, and the
cardinality of P is p<*,

B) P is c.c.c. in Vs.

For G C P generic over Vo we have

v) (“WIG)E cvial,

d) Vi[G] and V5[G] have the same cardinals if Vi and Va have,

e) Vi[G] and V5[G] have the same cofinality function if Vi and V, have,

¢) ViG] = MA ox(o-linked),

n) in Vo|G] there is (r;|i € C), r; € (“2)Vl6 = (@lGl sych that
Vse (@26l aBCu, Be Vi, |IBY" <A (soCNB€I)ViceC\B,
i is Cohen over Va[s].

Proof. In Vi we build a finite support iteration

(P, Qjj < a*,i <a)
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of length @* = p + p<* as follows. For 8 < u we let Qg = (<“2, <), the
Cohen forcing.

For 8 < p<* we shall choose Q0+ such that it is a name built from only
part of P, 5. We first need some definitions in order to specify good parts of
the past. This forcing technique has also been applied in [19], [20], [18] and
their predecessors and in [21]. The part [21, 3.3 to 3.7] contains some lemmas
showing that there are complete embeddings from specified suborders of the
iteration that are not just initial segments. The organisation of our forcing
will be slightly different from that in [21] inasmuch as we have the initial
Cohen part here at once.

The support of a condition p € Pjs is supt(p) = {v € B|p(y) # 1g,},
where 1g_ is a name for the weakest element in (),. In addition to having
finite supports we shall require that the supports hereditarily stem only from
a part of the “past” Pg. These parts of the past can be called memories.

First we explain how to choose sequences (ag |3 € p<*) which will allow
us to define suitable memories. Given a sequence (ag|B8 € p<*) = @ of
subsets of an ordinal, we say c is a-closed, if

cCa*andVBec agCec.

We regard ;1 <* as an ordinal and as a set of sequences of length less than
A. The set of all subsets of a set A of size less than ) is denoted by [A]<*.
For z € u<* we can also regard = as a function from some ordinal less than
A to pu and then write range(x) for its range, which is a subsets of y. This
will be used for referring to a part of the Cohen reals.

We show that there is some (ag |8 < p<*) such that

1. Vb€ [p<A<* 3B b C ag,

2. ag C B,

3. |ag| < A,

4. v € ag = a, C ag (i.e. each ag is a-closed).

This can be seen as follows: Let (bs |8 € p<*) enumerate [u<*]<*, where
bs C B. By induction on 8 we now choose ag. Suppose a, is chosen for

v < . Then we set

ak = UajUbg,
ijﬂ

aZH = UajUag,
ang

ag = Uag.

new
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This is still in [x<<* because X is regular and cf()\) > Xg. Now it is easy
to see that a fulfils 1. to 4., and we fix such a sequence.
In order to take care of the initial Cohen part, we need shifts and write

p®ag for {p+v|v € ag}.

For each 3 € u<* we define a suborder Ploas

of P, inductively by
Pyga, = {p € Puyp | supt(p) N C | J{range(z) |z € ag} A

supt(p) N [p, p+ <) S p® ag A

Vy € supt(p) N [, + p<*) p(7) is a Pjgq., -name}.

If b C a < p<* then p | (U{range(z)|z € b} U pu @ b)) denotes the
1 + a-sequence defined by

(p 1 (J{range(z) |z € b} Up @ 1)))(7)

_ { ply) ify € (U{range(z) |z € b} Up @),
197 else.

Now we have for all @ € p<*: If b C « is a-closed, then Plop < Puta-
If p € Pyiq, then (p [ (U{range(z)|z € b} Up ®b))) € Py, and for
g >p | (U{range(z) |z € b} Uu & b) (in the Jerusalem notation) we have
that ¢Up [ (o \ (U{range(z) |z € b} Up @ b)) € P,1o. For proofs, see [21].

We choose @+ such that |dom(Q+p)| < A, Quip is a Ploag

11k Ploas “Qu+p is o-linked”, and with some bookkeeping such that Qs

-name,

ranges cofinally often over all Pjq, -names for o-linked forcings for every
v € p<*. In order to allow such a bookkeeping, we assume that Vb €
[p<A<A = Y ag, which can easily be reached by starting with suitable

(bs| B € p=Y).
Now we are in a position to check all the items of the theorem:

a) follows immediately from our definition of P.

B) If P =J,¢, Pn witnesses o-linkedness in V; then it does so in V3 as
well. Thus in V5, P is a finite support iteration of o-linked forcing notions
and hence c.c.c.

v) (“V1[G))"2lE) C V1[G] follows from (“V1)"2 C V; and the countable
chain condition of P inV5. (There are also proofs in [11, §37] and more
explicit in [5].)

) and €) V; and V;[G] have the same cofinalities.

¢) Let @ be in V;[G] be a o-linked notion of forcing such that Q@ C X' < .
Let D = {Dy|a < X'} be a set of dense sets in ). Since the supports are
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finite and since we have c.c.c., there is some A C p + p<* of size less than
A such that there is a name for (Q, D) that contains only conditions whose
support is in A. Then we take a € u<* such that

T = U{range(w) |z € ag} D ANy and
y=pn®ag 2 AN [ pu+pu).

P . .
and have that that D,Q € V] *®*». Hence a Q-generic G C @ is added
at some stage in our iteration.

n) Let (r; |4 € p) be the Cohen reals added by P,. We show that {r;|i €
C} is as claimed. Let s € (2¥)"1[¢l. Say s was added by forcing with Q4
(the case when s was added before stage p is similar), a Pu@aﬁ—nameT We
take B = ag. Then B € Vi, B C u, and |B|"* < X\. As C N B € Z, we have
C\ B # (. For i € C\ B r; is Cohen over V;[s]. Proof: For Q; = (<¥2, <)
we have

udag = Qz x P*

udag*

Remark. This equation is very crucial: Note that there is “no time-dependence”,
i.e. the location of 4 in pu + p<* as compared to the location of z Uy does

not have any influence. Neither (); nor P; is the “later” forcing, because

Dag
neither of them is influenced by the extension performed by the other. All
the work with the partial memory was done in order to get this equation.
Counting cardinalities of unions of supports of conditions appearing in nice

names seems not to suffice for it.

The analogue of the crucial equation is true for the subforcing of Pjg,
that has s as a generic. Now in product forcing, the factors commute, hence

we have Vi[r;][s] = Vi[s][ri]- Ui

Putting things together we get

Corollary 1.2. (1) The following are equiconsistent (even (B) = (A), (A)
= (B) in some c.c.c. forcing extension):

(A)(a) there are Vi, Vo, u, 6, A, o, C, such that:
Vi C W,
Vi E X regular > Ny,
“W)2 Cwy,
p>0, p>A>0 >N,
CCup,
|2 =0,
VB e Vi (|IB|"* <A— |BNC"2 < o).
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(B) Vi and Vo have the same cardinals.
(v) Vi and Va have the same cofinality function on ordinals.
(B)(a) like (A)(c) but in addition
(¥1) V1 |E MA . )(o-linked)
(x2) in Va there are (ri|i € C), r; € 2¥ and a submodel V' such that
Vs € 2¥ 3B € [C]<° such that (r;|i € C \ B) is Cohen over Vs].

(B) as (B) above.

(v) as (v) above.
(2) We can leave out () or ((B) and (v)) in both (A) and (B).
(3) If we strengthen (A)(a) by adding

(“1V1)V2 C Vi, then we can get MA .y (ccc) in (B).

Proof. (A) is as the premise of 1.1 with Z = {C' C C|C' € V4, |C'|"? < o}.
Note that o as in (A)(a) is uncountable because we have the condition
(“V1)Y2 C V3. For (3), take all names for c.c.c forcing notions, not only the
for the o-linked ones. The additional premise ensures that (the new) P has
the c.c.c. in V5 as well. 9

We get the following conclusion for cardinal characteristics in (B) of 1.2:

Theorem 1.3. Suppose that we have

(o) there are Vi, Vo, u, 0, A\, o, C, such that:
Vi€V,
Vi = A regular > Ny,
(“n)*> cw,
p=>0, p>A>0 >Ny,
CCuy,
|C1"2 =9,
VBe Vi (|B|"t <X —|BNC"2 <o),
Vi E MAy(o-linked),
in Vo there are (ri|i € C), r; € 2¥ and a submodel V' such that Vs €
2¥ 3B € [C]<° such that (r;|i € C'\ B) is Cohen over V|s].
(B) Vi and Va have the same cardinals.
(v) Vi and V, have the same cofinality function on ordinals.

Then: a) b1 > X\, Y2 < o (and in the construction from the proof of 1.1,
we have bY1 = X\. Moreover, if VB € ([[u]<*]<°)"2 3B’ € ([[u]<N<")"* B C
B', then the construction from 1.1 gives b¥2 = o).

b) unif(M)"* > A, unif(M)"? < o,
¢) cov(M)" > A, cov(N)"2 < o.
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Proof. The Vi-part of a), b), and ¢): MA_(o-linked) implies that the three
cardinal characteristics (and add(M), add(N)) are > A, because all of them
can be increased by o-linked notions of forcing (see e.g. [2]).

In order to show unif(M),b < o, we take {r; |1 € C'}, C' C C, |C'| = 0.
This set is unbounded and not meagre in V5, because for any s € V5 (either
in w¥ or as a name for a meagre (F,-)set) there is some B; € [C]<? such
that for i € C"\ Bs # (0 we have the r; is Cohen over Va[s], hence it is not
bounded by s nor in a meagre set coded by s.

Proof of cov(N) < ¢: This follows from Rothberger’s inequality cov(N) <
unif(M) (see [16, 7]). In order to give a proof not using this inequality, we
can take {r; |7 € C'} as above. We set M (r;) = {m |r; is Cohen over V[m]}.
Then (by Fubini) we have that M (r;) is a Lebesgue null set and for s € (2+)"2
we have there is some By € [C']<7 such that for : € C'\ By the real r; is
Cohen over V[s], hence s € M(r;), so {M(r;)|i € C'} covers (2¢)"2.

Regarding the part of a) in parentheses: Any A of the Cohen reals added in
the beginning are unbounded and show that b"* < A. Under the additional
premises, we have that b2 > o: Suppose that M C (“2)"2 and |M|"2 < 0.
We take M; C p and My C < such that each member of M has a name
containing only conditions from {C;|i € M1} U{Pjg., |8 € Mz}. Then
B = {{i}|i € M1} U{ag|B € My} € ([u<*]<?)"2. Hence there is some
B' € ([u< <MY such that B’ O B. We take 3 such that ag O |J B'. Hence
at some later stage Hechler forcing over VP‘:‘B“K* will be done in the iteration
and add a real that dominates all reals in M.

Remark on the violation of covering. Assume that for some first order
sentence ¢ = ¢(P, €), where € is a two place predicate and P is a unary
predicate, we have that

F VzPzr — ¢,

¢ is preserved by increasing P.
Then we define

inv? = min{|A| | (H(X1), €, A) E ¢}
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H(p) is the set of all sets that are hereditarily of cardinality less that pu.
Now, if we have two models Vi, V5 of set theory such that

V1 C Vs, and

V1 and V; have the same cardinals and the same H ()
(which is the same as having the same reals), and

C is of minimal cardinality such that (H(®;),€,C) | ¢ and

(inv®)" = X > |C] > (inv?)"?,

then we have that C' is not covered by any set in V; of cardinality less than
A

Remark on changing 9, cof (M) and cof(N). Assume that for some first
order sentence ¢ = ¢(€), where € is a two place predicate, we have that

Vryz € H(R1) ((z,y) A ¢(y,2) = ¢(z,2)) A
Vz e H(Ny) Jye HNy) ¢(z,y)

Then we define for BC H(X;), Be V:
invg’B = min{|A| [for all z € B exists y € A such that (H(X;),€) = ¢(z,y)}.

Note that 9, cof(M) and cof(N') are characteristics of this type.
Now we have:

Theorem 1.4. If Vi and Vo are two models of ZFC, such that Vi3 C V5 and
such that they have the same cofinalities and the same reals, and if B € V1,
B C H(Xy), then

inv};,lB < inv(‘;zB.
Corollary 1.5. If Vi and V5 are two models of ZFC, Vi C Vy and they have

the same cofinalities and the same reals then their dominating numbers and
their cofinalities of the ideals of Lebesgue null sets and meagre sets coincide.

Proof of Theorem 1.4. Given Vi and V5 and ¢ we carry out an induction
over inv(‘;’lB simultaneously for all B C H(X;), B € V4.

If inv;)/lB = 1, then the premise H(X;)"* = H(R;)"? and the requirements
on ¢ immediately yield the claim.

Now suppose that the claim is proved for all ¢, B such that inv};’lB <K
and that we have some ¢, B such that inv};’lB = K.

First case: k is regular in V7 and hence in V5. In this case, Blass’ Prop. 2.3

of [14] applies. For completeness’ sake we repeat the argument here: Suppose
that inv}fB =u<K
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Let Z = {zo | @ < K} witness invd‘)/lB =k, and Z' = {2, | @ < p} witness
inv};,zB = p. Since RY2 C R", in V; there is a function h: y — & such that
for a < k:

H(Nl) |: (l)(z&a zh(a))'
If i were less than x, then range(h) would be bounded in &, say by a bound
B € K.

Then Va € R 3o € 1 ¢(a, 2)) A ¢(2h, Zn(a))- Hence {zq | a < B} were a
witness for inv(‘sz < card(f) < k, which contradicts the premise.

Second case: k is singular in V; and hence in V5.

Let k = lim;_, f(4) i and k; < k.

Let Z = {z4 | @ < Kk} witness inv(‘;lB = K.

Set

Zi = {zq|a € k;}and
B, = {beBl|3ze€ Z; ¢(b,z)}

Now we have that

invd‘fBi < k4, and

sup inv(‘;lB, = K.
iccf(k) o
The second equation is easy to see: If supjcqpx) inv};lBi = 0 < Kk then we

would have that invZ}B =0-cf(k) < k.

By induction hypothesis
inv(‘;,lBi < inv(‘;:"Bi.

Since any witness for the computation of inv(‘fB is a union of witnesses of
the computation of inv}fBi, we get that invng > sup{inv;fBi liecf(k)} =k
Uy.a

2. CHANGING THE UNIFORMITY OF LEBESGUE MEASURE

In this and the next three sections, we show how to change unif(N) (and
cov(M), which comes for free, because of the inequality cov(M) < unif(N),
see [7]) under our given side conditions. In this section we start to define
the forcings we are going to use and look at automorphisms of forcings. We
carry out the proof of the changing procedure up to some point in the proof
of item ¢€) of our main Theorem 2.1 at which techniques about transferring
information about w-tuples of conditions (in [20] called “whispering”) are
needed. We try to give some motivation for this fact by proving a lemma
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about a pure Cohen situation (Lemma 2.12), of which a weakened analogue
for iterations of partial random reals and small c.c.c. forcings will be used
later. This weakened analogue is the statement (+*)5 introduced in 2.11
and proved only by the end of Section 5.

These technical parts are then carried through in Sections 3, 4 and 5.

Theorem 2.1. Assume that we have

a) Vi C Va, both models of ZFC, (“V1)2 C Vi [and (B) or ((v) + (B))
from 1.2(A)],

b) CeVy, [C[ <X CCp, A<y,
c) VBe Vi, if Vi |=|B| < A, then sup(C \ B) = p),
d) cfVi(u) > Ry and cfV1(X) > V.
e) In Vi, there are uncountable cardinals x > 2" and k such that kK < x
and 2% > x.
Then for some c.c.c. P in V7 we have
a) Vi |= P is a finite support iteration of o-linked forcing notions,
B) P is c.c.c. in Vo, and

for G C P generic over Vo we have

v) (WG C VG, [and (B) or ((v) + (B)) from 1.2(A)],
§) unif(NV) V2[4 < |C|v2l€]
e) unif(M)"1E > .

Proof. We work in V; (and often write V' instead of V7). For x > 2* we let

gyt X — [#]<* increasing with y, that is for xy < x’ we have that g,/ | x = gy,
and

VB € [u]* Fa < x gy(e) = B.
For & < p let

E§ = E?:{OA<X|£¢9X(O‘)}’ and
Alre = EfUbox+9)

We take p and A as in the premises of 2.1. We also fix k > N; and some
X > 2* as above such that cf(x) > p (used in 2.11 on page 20) and 2 > x
and such that k < x (for our special iteration where all @, of cardinality
< k are already countable, k < x would suffice, see at 5.2 and the remarks
in 2.11, if you like to work with weaker premises). Note for use in 5.5: The
definition of g, and E, Ai ¢ makes sense also if 2% < x.
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Definition 2.2. 1) K is the class of sequences

Q= (P, Qp, Ap, g, Tp |l < o, B < )
satisfying:
(A) <Pa,Q5 |la < a*, B < a*) is a finite support iteration of c.c.c. forcings.
We call o =1g(Q) the length of Q, and Py~ is the limit.
(B) Ta C pa < K is a name of the generic of Qq, i.e. over VP from GQa

we can compute To and vice versa.

(C) A, C o

(D) Qa is a Py-name of a c.c.c. forcing notion that is computable from
(Ty[GP.] |7 € Aa)-

(E) o > x and for a < x we have that Q, = (“2,<) (the Cohen forcing)
and po = No (identify <“2 with w).

(F) For each a < a* one of the following holds (and the case is determined
inV):
(@) |Qa| < K, |Aa|l < K and (just for notational simplicity) the set of

elements of Qo = QalGp,] i fta < Kk (but the order not necessarily
the order of the ordinals) and Q, is separative (i.e. «a IF g €

(8) Qo = Random"[7[Grall7€4al gnd |4, > &.

2)For the proof of 2.1 we shall be using the following instance of 1): For
X, 1, A% as above we define a finite support iteration

QX = (PX, Q% A Ro, 7| @ < x +p, 8 < X + 1),
PX = PX. .. For a < x we let Q¢ = (<¥2,<), the Cohen forcing. For
a=x+E& &< p, welet
QX = Random"175 8 EAé},
where :r’,f 18 Q’é—generic over VI3,

Thus, the QX from b) is a member of X (and of [20, Def. 2.2] and [18,
Definition 1.4]) of a special form: A, = 0 if & < , and A;+£ = E¢U[x, x+¢)
for £ < p.

The reader may wonder why we do not really fix y. The reason is that in
Section 5 we use a Lowenheim Skolem argument and work simultaneously
with x, xT, xtT, ..., xT 1 n the size of some heart of a A-system, in
order to expand QX to a richer structure that will be used for the proof of
part ¢) of 2.1.



CHANGING CARDINAL CHARACTERISTICS 13

The Lebesgue measure is denoted by Leb and for a tree T' C 2<% we define
Im(T) ={f €2¥|V¥n €w f [ n € T}. Similar to [20, 2.2], we specify dense
suborders of Random and call them Random again:

Definition 2.3. a)

RandomV e [a€A

I'={p| there is in V a Borel function B? = B with vari-
ables ranging among {true, false} and range per-
fect subtrees r of <“2 with Leb(lim(r)) > 0 such
that ¥n € r Leb(limr™ > 0) (where M = {v €
rlv < nVn < v}) and there are pairs (v, () for
¢ € w, such that v, € A, {4 € w, and such that
p = BP((truth value((e € 1+,))eew)}-

b) In this case we let supt(p) = {y¢|{ € w}.

¢) Po =A{p € Pa|Vy € dom(p), if [Ay| <, then p(y) € py

(not just a name for a member of p),

and if |A,| > K, then p(y) € Random"[rs[9€44]},

d) For A C a, we set
P}y = {p € P,| dom(p) C A AVy(y € dom(p) — supt(p(y)) C A)}.

e) AC « is called Q-closed or called (A |7y € a*)-closed if
Vae A (|Aa] <k — Ay CA).

So, in our situation of Definition 2.2, where all non-empty A, have size
X > kK,any A C x+ pis (Ag | a < x + p)-closed.

Fact 2.4. Let QX be in K from Definition 2.2.

1) Ifa < x+p and X is a Py-name of a subset of @ < x+ p then there is
a set A C a such that |A| < 6 and IF-p, “X € V[r,|v € A]”. Moreover for
each { < @ there is in V' a Borel function B¢(zo,x1,...) with domain and
range the set {true,false} and v, € A, (¢ < pg¢ for £ € w such that

IFp, “C € X iff true = B¢ ((truth value(C € 7,,[Gq,,]))ecw) -
2) For Q € K and A C « every real in V|7, |y € A] has the form
(B ((truth value(C, € 7+,[GQ.,]))tew))new-

with By, as in 1), and “true” interpreted by 1 and “false” interpreted by 0.

Proof. 1) Let X be a name for a subset of §. Let p be a regular cardinal,
and let the relation <} be a well-ordering of H(p) such that z € y implies
that = <} y. Take p such that (Q,0,X) € H(p); let M be an elementary
submodel of H(p) = (H(p), €, <}) to which {@, X, 8} belongs and such that
0 C H(p).
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Thus, IFp.. “M[Gp,.]NH(p) = M”. Since VF> = V[rg| 3 € o] we have
that M[Gp,.] = M[(r3| 8 € aNM)]. So X € M[(13|8 € aN M)], and we
may choose a name for X of the form X = {(¢,p)|¢ € p,p € C¢} where C¢
is a maximal antichain in V{7, |y € @ N M] and from that we can build a
Borel function B¢ in V such that

Fp, “CeX & BC(<tI‘uth value(@ € Iﬂe) |£ c w)) =17,

where all the 8y € a N M.
Hence we have that IFp, “X € V[7, |y € M Na]”.

2) is a special case of 1) with # = w. We may clue the B, n € w, together
to one Borel function is this case, and write all the arguments into all B,,.
Ua.4

We are going to combine the techniques of [20] and of [18]. We use

automorphisms of P, that stem from permutations of 1g(Q) = o*.

Definition 2.5. 1) For Q € K of the special form of 2.2 Part 2), a < o,
we let

AUT(Qla) = {f:a— alf is bijective, and ,

(V8 € &) (¥ € [, a))
(B<x e f(B) <x)N(BEA & f(B) €Ay}

2) We let for f: o — o the function f: P — P be defined by py = f(po)
if dom(p1) = {f(B)|8 € dom(po)}, p1(f(8)) = Bpy((truth value(f(Ce) €
T f(ve)))tew), where po(B) = Bgo((truth value(Cy € T+,))ecw). (Here, we write
B for (B¢)cey when Qg = p.) A

We can also naturally extend f onto the set of all P!-names and name
this extension f as well.

Now we have for Q € K:

Lemma 2.6. (cf. [18, Fact 1.6. parts 4) and 5)])
1) For f € AUT(Q | a) we have that f is an automorphism of P..
2) Let ®g,a) be the following:
For every a € AN [x,x + u) and for every countable

B C « there is some f € AUT(Q | ) such that
®(g,4) f1(ANB)=id,

J"(B) C 4,

f"(BNA,) CANA,.
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and Vg € P' - we have

If A is Q-closed and ®(g,a), then Py <P} 1g(Q)

1g(Q)’
(a) ¢ A€ Py,
(b) Pllg(Q) Faql
(c) ifgl A<pe P}, thenqd =pUq | (Ig(Q) \ A) belongs to Pllg(Q) and is
the lub of p,q.

A<yg,

Proof. 1) is easy. 2) is carried out as in [18], but since we promised to write
the proofs in a self-contained style, we write down a proof here:

We prove by induction on 8 < 1g(Q) that for A’ = AN g and q € P},
clauses a), b), and c) hold.

In successor stages 8 =a+ 1, if a € A or A, = 0 it is trivial. So assume
that « € A and A, # (. By induction hypothesis, P}, < P, and the
analogues of a), b) and c) hold for stage a. It is enough to show

o / . . . .. Phnana . '
() ifin VP4na, T is a maximal antichain in Random"” “"*™** | then in Vo
PI
. . . . . A,
the set Z is a maximal antichain in Random" “*.

By the c.c.c. this is equivalent to
(%) if ¢* <wi, {pc]¢ <} C P,Iam(a+1)’ p € Py, and
plep, “pc(@) | < (" and pc [a € Gpy_ }

PI
. ANanA
is a predense subset of Random" e

then
plFp “{pe(a) | < ¢ and pe [ € Gpr }

7
Pha s

is a predense subset of Random"
Assume that ()’ fails. So we can find ¢ such that
p < qE€PF,
q IFpr “Ape(e) [ < (" and pe [ @ € Gpr}

P,
Aa 7

is not a predense subset of Random"’

So for some G'p; -name r
(e}

PI
qlkp, “r€ Random" (= Qo) and is incompatible with every p¢(a) € Qa”.

Possibly increasing ¢ w.l.o.g. r = B((truth value(r, € 7,)),ew) With a suit-
able countable w C A,. Now we choose

B = dom(q)U | dom(p¢ [ @) U| J{supt(q(8))|B € dom(q)}
¢<¢*
U J{supt(p(8)) | B € dom(p¢ | @) and ¢ < (*} Uw.
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Since B is a countable subset of o and since we have ® g 4) there is an

f € AUT(Q | a) such that

f1(BNA) the identity,
f'(B) C 4

F(BNA,) C AN A,.

As f is a automorphism of P/, and is the identity on Psnp we have that

fo) = »p
foe) =
p < f(Q) € Phra,
fr) = B((truth value(ny € T7()))yew),
f"lw) C  f"(BNA,) CANA,,

A P’
hence IFp  f(r) € Random" “™¢

~

f(q) IFpr. “in Qa, f(r) and p¢(a) are incompatible for ¢ < ¢*.

and thus get a contradiction to the fact that we started with a maximal
antichain. Lo

Lemma 2.7. For A= E¢U[x,x +£), and for Q as in Definition 2.2 Part
2), we have that ® g 4y is true.

Proof. Let « € A and B C a be countable. W.l.o.g., we treat here the case
when a > x. We have to show that there in an f such that

f: a— a bijective,
f 1 x: x = x bijective,
VB, 7 < a (/8 € A’y & f(/g) € Af(’y))’
(These first three items ensure that f € AUT(Q | ), and next we write the
conditions in ®(g, 4):)
fT{(EenB)U([x,€) N B)) = id,
f”(B) - E{ U [Xa a)7
Va € [x, x + &) f"(BN (Eaey U[x;@))) C (Be N Eay) Ulx, a).
Next we require that the f preserves slightly more
f 1 [x,@) = id and hence
V@ e [X,a] 1 Eg_xt Eﬂ—X — Eﬂ—X'
So, f has to map (B\ E¢)NEy—y into E¢NE,_, and ((B\ E¢) \ Ea—y)NX
into B¢ \ Eq_y.-
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For v € x, & € £+ 1 we write tpy(y) = {8 € ¢ |y € Eg} = {B €
o' |g(y) Z B}. All subsets T' C o' such that |[o/ \ T| < X are realised as
the type of x elements because for each B € [u]<* we have x many ~ such
that g, (y) = B. Since a — x < &, the relation E¢ does not play a role in

tpa+1—y(7) and so we have that for all such o + 1 — x-types T'

{7 [tpas1—x(7) =T}H =
{y[tPar1—x(v) =T Ay € E}| =
{yltpari—x(v) =T Ay € B}l = x.
Hence there is a bijection f’ of x preserving the a+1— y-types and being
the identity on (E¢ N B) U [x, ) but mapping (B N x) \ E¢ into E¢. Then
f = f'Uid} 4 is as required. Oa.7

Now we return to the conclusion of Theorem 2.1:
(v) If G C P is generic over V3, then
- Vi[G] and V5[G] have the same reals, indeed (“V1[G])"2[¢] C V1[G]

- V1[G] and V3[G] have the same cardinals if (V;,V2) have
- V1[G] and V5[G] have the same cofinality function if (Vi, V5) have.

Since Cohen forcing and random forcing are o-linked, the proof of Theo-
rem 1.1 applies here as well. Uy

Next we show
((5’) Vs |: ”_Px+u “{TX-I-i |’l S C} is not null.”

Proof. Let N € V3 be a P4 ,-name for a Borel null set. Since (“V;)"2 C V}
we may assume that N € Vi. By 2.4(2), for some Borel function B € V;
for some countable X = {z4|£ € w} C x,Y = {y | € w} C p, (s,¢ € w,
¢p> £ € w, we have that

N = B((truth value((; € 72,))ecw, (truth value((y € Ty+y,))ecw)-

Let (%) < u be such that i(x) > sup(Y). (Here we use that cf*1(x) > Rg.)
Since cf"1(\) > ¥g, we have that B := Ueex 9x(€) € ([ul<M)". Since
sup(C \ B) = p, there is some i > i(x), i € C'\ B. We claim, that r,; is
random (in the sense of V; and hence also in the sense of V, as Random and
all maximal (countable) antichains of the random forcing are the same in
V1 and in V3) over an extension of Vi, in which N[G] has a name. Then the
proof will be finished, because then r,; € N[G] in V;[G] and also in V5[G].
By our construction, we have

Ta | @€E; Vx<a<x+i] Pyti

Ty+i 18 the Random" | -generic over V;
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Since 1 € C'\ B, we have that V{ € X g,(§) # 1, hence V¢ € X £ € E;, so
X C E;. Moreover x +Y C [x,x +1), as ¢ > i(x) > sup(Y). Since, by
Lemmas 2.6 and 2.7, Py, ,, < Plg@) the name IV is evaluated in the right

Pa_,.
manner in V| “x+  Thus the claim is proved. s

(6) V2[G] E wnif(N) < [C.
This follows from (4").
Now comes the part whose proof will be finished only at the end of Sec-

tion 5.

() W1[G] E unif(N) > A.

Proof. Suppose that not. In V; there is i(¥) < A and p € P, 4, such that
plkp,, “ni € “2for i <i() A{n;|i <i(x)} is not null.”

A name of a real in V1[G] is given by

ni = Bi((truth value((iv € 15, ,))eew)

for suitable (¢, jie | € € w), Cip € w, Jip € X + p-
We set

X = {iieli€il+),Lewtny,
Y = {ielici(+), L ewtnix+p)
We show the main point:
In V1[G], (@2)VHze[€€XUYH §5 4 Lebesgue null set.
Since FXa gy (a) =Y — x we can fix such an o € x \ X that is not in E
for every £ € Y — x. It is important to note that therefore the premises of

2.8 and or 2.11 can be fulfilled for our any X,Y as above, with a suitable
choice of a.

Lemma 2.8. In le"‘*, the set (@2)Vilel€EXUY] pos Lebesque measure 0,
and a witness for a definition for a measure zero superset can be found in
Vet (q forcing name is already in VFe) for any o € x \ X that is not in
E¢ for every €Y — x.

Proof. Explanation: This proof will be finished only with the proof of
Lemma 2.11, which will, as we already mentioned, only be finished by the
end of Section 5. The proof of this lemma requires reworking of almost the
whole [20]. The lemma is also stated in [18, 1.11 and 1.12], where a proof
assuming the knowledge of [20] is given.

First we introduce some paradigm null sets (see also [20, 2.4 and 2.5]):



CHANGING CARDINAL CHARACTERISTICS 19

Definition 2.9. 1) Suppose that a = {(ay|f € w) and n = (ng|£ € w) are
such that for £ € w

(a) ay C ™2,
(b) ne<ng <w,

|| 1
Then we set N[a] = {n € “2|3°¢Vv € apv 4 n}.
2) For @ as above and n € w, we let tree,(a) = {v € <¥2|ny >
max(n,lg(v)) = v [ ng € ag}.

Then Nla] =2\ |,¢, limtree,(a) and Leb(N[a]) = 0. The definitions
Nla] and lim tree, (a) may be intepreted in any model V such that a € V. We
indicate the model of set theory in which we evaluate them by superscripts.

Definition 2.10. For 3 < x we identify QQg, the Cohen forcing, with

a 1
{{(ag,me) |[L < k) | k€w,ng<mng <w,ap C "2, |27€| >1-— 1—0£}
If Gg, 15 Qp-generic, let
@’ =a°1Go,] = {(t,a)|3k > L+ 13((aj,ny)|j < k) € Gg,

3.7 <k (gﬂ a) = (.77 a’j)}7
and define ’[_Lﬂ[GQB] analogously. We let a® = (gf |£ € w) and 7P = @f RAS
w) be the names for the corresponding objects.

Lemma 2.11. If B € x \ X is such that V€ € Y — x B & E¢, then
(w2)V[r5 [€EXUY] C (N[dﬁ])V[G].

Beginning of the proof. In this section, we shall only show that

in V]G], for E € [x]*" we have
(++)g ﬂ treep (a”) does not contain a perfect tree.
BeE

is a sufficient condition for 2.11. For certain members Q of K, (*%)g
will be proved in the next three sections. Let 8 € x \ X be such that

YEeY —x B & Eg.
We show by induction on v > x that

in VP, for E € [x]*" we have

() g1y m treeg- (@®) does not contain a perfect tree.
BEE
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implies:

VX Cx VY Clx,x+u)

VBex\X( VE€EY —xBEEs —
(wQ)V[Tglﬁe(XUY)M] C (N[dﬁ])VPV)_

(*)QM

Preliminary remarks: Assuming _'(*)QH we get a Py-name b referring
only to r¢, £ € (X UY) N~y such that

plp, b ¢ Na”).

Since V€ € Y — x B & E¢, we have forall ¢ = x+€& €Y, 8 € E¢ U
P

Agr
Dox +mp) = A?,. Since all rg, ¢ € Y are Random" ° -generic there

are automorphisms f; € AUT(Q), ¢ € x, leaving b and every point from
x> x + i) fixed and moving 5 to B¢ & {B¢ |¢' < ¢}. Hence we get

pc = fep) ke, b ¢ | N[@%)
¢ex
for x > k™ pairwise different (;’s.
Now we start the induction.

For v = x the proof is easy, because (¥2) V"¢ | £€(XWY)NX] ¢ontains only Cohen
reals: If there is one real b[G,] not in (U ¢+ NV [@%])V"", then this real is Co-
hen and gives rise to a perfect tree of Cohen reals not in (¢ ,+ NV [aﬂC])VPV.
So we have that —(*)g,, implies = (+*)g,-
Now let v > x be a limit. Assuming _'(*)QM we get a P,-name b referring
only to r¢, £ € (X UY') Ny such that
plrp, b ¢ Nia").

By automorphisms leaving b and moving 3 to 8; and p to p; we get
pclbe, b ¢ | N
¢ex
for x pairwise different 3;’s.

Because of the induction hypothesis we may assume that p Ikp, b ¢ Vs
for § < -, and hence by the properties of c.c.c. iterations that cf(y) = Ny.

So for each ¢ < x there are p;, m¢ such that
p<pc € Py, pc kb€ limtreen, (a%).

By properties of c.c.c. forcing notions ({{ < x|pc € Ps}|d € 7) is an
increasing sequence of subsets of x of length v < u. In the beginning on the
proof of 2.1 we chose i < x. So for some y; < v there is E € [x]*" such
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that p¢ € P,, for ¢ € E and m¢ = m for ¢ € E. Note that for all but < s
of the ordinals n € E we have that

mF{¢ € E|lpc e Gp, }| =rT.

Fix such an 7, and let Gp, be P, -generic over V so that p, € Gp, .
In V[Gp, ], let E' = {¢ € E[p; € Gp,}, so |E'| = &t. Let T* =
Neer tree,, (@%). Tn VP, T* is a subtree of <“2 and by (**) g1y, T con-
tains no perfect subtree. Hence lim(7™*) is countable, so absolute: T* is a
P, -name and (lim(T*)) V%P ] = (lim(T*))V[GP’rl]. But p, IF b € lim(T™),
hence p, I b € VP | a contradiction.

Assume now that v = §+1 and that =(*)g},. Choose p; = p'C *q5(C) as in
the preliminary remark such that p; € Ps, ¢5(¢) € @5, and additionally such
that the g5(¢) all coincide (because we may assume that f¢, chosen as in the
preliminz;ry remarks, does not move d), say that all ¢5(¢) = g5. Choose E,
Py, Gp, analogous to the above. We have E' = {¢ €E \p; € G} ={C €
E|p; * gy € Gp;}, and similarly to the above, together with (+x)g), we get
the contradiction p, I+ b € Vs,

Since we have covered the cases v = x and v > x limit and v > x
successor, we have finished the proof that ()5 implies the statement in
Lemma 2.11.

Our proof of (x*)5 will in some parts be similar to [20]. However, the
difference to [20] is that the our AY,a € [x,x + p) (from 2.2 Part2)) are
large in cardinality, namely the same as the iteration length, and hence
some techniques of [20] are not applicable here. We also take the technique
of automorphisms of @ taken from [18], and additionally, like there as well,
we are going to work QX for many x’s at the same time. Tomek Bartoszynski
[1] gives a simplified exposition of some of the results of [20], that the reader
might want to consult first.

The proof of 2.11 will be finished only at the end of Section 5.

In the next lemma, which stems from Winfried Just, we show (x*)g in the
special case that all the p; are Cohen. It serves as a motivation for the rest
of our work: it shows that the main point is to get something similar to the
premise no. 3 of Just’s lemma for the partial random conditions. We may
(and later do) weaken the conclusion of Just’s lemma: Instead of requiring
the intersection to be empty we derive only that the intersection does not
contain a perfect tree, that is (+x)g.

Lemma 2.12. [Winfried Just [12]] Suppose that {p;|{ € Z} is a set of
conditions in Py, such that

1. Z is infinite.
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{dom(p¢) | ¢ € Z} forms a A-system with root w.

dgV( e Zp:lu=q.

B¢ € dom(pe) \ u for all {, p¢e(B¢) is Cohen.

3k*,n* such that V¢ € Z, if pe(Bc) = ((n§,a$) |£ € k¢) then ke = k*
and nic_l =n*.

We set E ={(¢ € Z|p: € G}. Then we have for every £* € w that

Gvo e e

ql- ﬂ lim treeg- (%) = 0.
(EE
Proof. Suppose that not. Then there exist some £* and some ¢; > ¢ and
some name b for an infinite branch such that

g1 lFbe ﬂ lim treeg- (a%).
CEE
Let n > max{k* — 1,n*} and such that 27" < 107%". There are some
r > q1 and some v such that

riFbn=r.

Now take some ( such that dom(p;) Ndom(r) = u. Since Z is infinite and

*

all conditions are bounded in size by k*,n*, such a ( exists. Finally we set

nt. =n and a5, = 2" \ {v} and
p¢ = pc | (dom(pc) \ {Bc}) U{(Bc, (n§, af [ £ < m))}.
Since v ¢ a%, we get
p¢ IF b € lim treeg- (@) = bn+#v.

However, pg and 7 are compatible. Contradiction. .19

3. ABouT FINITELY ADDITIVE MEASURES

In order to prove the existence of a condition p® that forces that many
of the p,’s (where the py, £ € w are the first w of some thinned out part
of the p, from 2.11) are in G+ we use names (Z!)icT acy+u for finitely
w=t

additive measures. We shall have that for every o < x + p, IFp, “E,
finitely additive measure on P(w)”. The superscript ¢ ranges over some set

is a

of blueprints (see 4.1) and indicates the type of the w conditions p, that are
taken care of by Z¢,, and there are some coherence requirements regarding
different o’s. The E!, are an item in the class of forcing iterations X that
we are going to define in 4.2. Certain members of K can be expanded to
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members of K2, and these expandible members of K are the notions of forcing
for which we show (¥x)g is Sections 4 and 5.

For the expansion of a @ in K to a member of K? some requirements
linking the A, and the Z!, need to be fulfilled (called “whispering” in [20,
Def. 2.11 (i)]). By increasing the A, these can be satisfied. Another way
is to use the requirements only at finitely many points that are determined
at a later stage in a proof. We shall work according this latter method: In
our case, where we have also automorphisms as in 2.4, we shall first specify
som (p¢|¢ € w), and only thereafter we shall define sufficiently many Z¢,
(see 5.5).

=t »
p~e]

sions of finitely additive measures to longer iterations that are also used

Anyway, the “sufficiently many need the same lemmas about exten-

to proof that our class K2 of forcings has enough members. These will be
Lemmas 4.5, 4.6, and 4.7.

This short section collects some facts about finitely additive measures,
that can be presented separately before we return to the iterated forcings
in K and come to the mentioned lemmas. All statements of this section,
however only few of their proofs, can also be found in [20].

Definition 3.1. 1) M is the set of functions E from some Boolean subal-
gebra P of P(w) including the finite sets to [0,1]g such that

.« 2(0) =0, Sw) = 1,
e Z is finitely additive, that is: IfY,Z € P are disjoint, then =(Y UZ) =
E(Y)+E(2).

e Z({n}) =0 forn € w.

Members of M are called partial finitely additive measures.

2) MM s the set of E € M whose domain is P(w), and the members of
MUY are called finitely additive measures.

3) We write “=(A) = a” (or > a or whatever) if A € dom(E) and E(A) =
a (or > a or whatever).

For extending finitely additive measures we are going to use:

Theorem 3.2. [Hahn Banach] Suppose that Z is a partial finitely additive
measure on a algebra P and that X ¢ P. Let a € [0,1] be such that

sup{Z(4)|A C X, A € P} < a < inf{2(B)| B 2 X, B € P}.

Then there exists a finitely additive measure =* extending E and such that

EX(X) = a. g



24 HEIKE MILDENBERGER AND SAHARON SHELAH

Proposition 3.3. Let a* be an ordinal. Assume that Eg € M and that for
a<a*, Ag Cwand 0 < ay < by <1, aq, by reals. Then we have that
° (1)= (2)
e (2) = ((3.A) with all by, =1)
e (3.4) & (3.B),
where
(1) If A* € dom(Ey), Eo(A*) >0 andn € w and a9 < -+- < ap_1 < a*
then A* N (Npep Aay # 0.
(2) Ve > 0, VA* € dom(Eq) such that E¢(A*) > 0, n € w, ag < ++- <
an_1 < a* we can find a finite non-empty u C A* such that for L € n

(3.A) There is E € MM extending By such that Vo < a* E(Ag) € [aq, bal.

(3.B) for all € > 0, for all k € w, for all (A},... A}, 1) partition of w and
A¥ € dom(Ey) such that ZEg(A) >0, n €w, ap <+ < a1 < a* we
can find a finite non-empty u C w \ k such that for £ € n and i € m

Ay ,Nu
aag_ff ‘_‘14_'

Jul

Bo(4l) —e < ™M <504 e

Jul

IN

ba, +¢,

Proof. (1) = (2): Given ¢, A", ap,1,... 01 We take k € A* N[, Aq,
and u = {k}.

(2) = (3.B) with by = 1: Given ¢,k, Aj,... A},_,, pairwise disjoint with
positive E¢ measure, oy, a1,...a,_1 then we can find finite u;, 4 < m such
that

u; C w)\k,
e (e e, Zo(aD) + o),
|Uz€mul|
|Aalﬂuz|
T
(]

It is now easy to check that u = J;_,, u; is as required.

(3.B) = (3.A): This is the special case of a symmetrized variant of (3.6
with af = 1 iff £ € A, and af = 0 else). This is the most important
implication. Its proof is not circular, it just more economic to do 3.4, 3.5,

and 3.6 first.
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(3.A) = (3.B): Fix &’ such that 2¢me’' <e. We put for i <m and £ <n

the first
"E(A;‘ NAg z)-‘
8’

elements of A7 N A,, into v (and nothing else). It is important to see that
the tasks for the different A,, can be simultaneously fulfilled. Best look for
each 4 < m at the atoms in the Boolean algebra generated by the A,, N A7,
< n.

For a real z, [z] is the least integer greater than or equal z. Then it is an

|A?(ul | A, Nul

easy computation that the T and the —Ié\— are in the right intervals

of width 2e. L

In order to convey information to later stages of our forcing iteration, we
are going to use averages. These are integrals of functions from w to with
respect to finitely additive measures. If the average of some function is large
then we can go back to some finite subset of w where the function takes large
values.

Definition 3.4. 1) For 2 € M and a sequence @ = (ag| ¢ € w) of reals
in [0,1]r (or just supyc, |ae| < 0o0) we let

Avz(a) :sup{ Z E(Ag)inf({ar | £ € Ax}) | (Ak |k < k*) is a partition ofw}
k<k*

:inf{ Z E(Ag)sup({ag |l € Ar}) | (A | k < k*) is a partition ofw} .
k<k*

(Think of Ay, = {€|ag € [2%, %)} and n — 0o, then it is easy to see that
both are equal.)

2) For 2 € M, A C w such that E(A) > 0 define E4(B) = E(ANB)/E(A)
and Av=((ax |k € B)) = Av=,((a), | k € w)) with

al o ag, sz € Ba

k=10, ifké¢B.
Proposition 3.5. Assume that = € MM gnd a@ € [0,1]g fori < i* € w,
{€w, BCw, E(B) >0 and Avs, ((a} | £ < w)) = b; fori <i*, m* <w and
lastly € > 0. Then for some finite u C B\ m* we have: If i < i* then

i
b e < > Aap|l € u}

< b;+e.
|ul
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Proof. Let j* € w and (B;|j < j*) be a partition of B such that for every
1 < 1" we have

> sup{ap| £ € Bj}E(B;) | — | D inf{a}|£ € Bj}E(B)) | <
i< i<

DN | ™

Now choose k* large enough such that there are k; satisfying k* =
and for j < j*

j<j* k]

ki E(By)| _¢
k*  E(B) 2
Let uj C B; \ m*, |uj| = k; for j < j*. Now let u = |J

Z%‘ > Zf;—f's > sup{a|£ € Bj}t

9

< i Uj and calculate

ley J<j* Leu; 7j<g*
; E(By) € € €
< > sup{|aj|L€ B;} =) + 2 <hi+g+g=bits
3<i* -
aj aj . i k;
S U = S s S a5
e J<j* Leu; J<j*
. . =(B,; € E €
Z Z 1nf{|a2|£€Bj} (’:((BJ)) - 2]*) 2 bi — 5 — 5 = bi —E&.
3<j* -

Fact 3.6. Assume that E is a partial finitely additive measure and a® =
(af | k € w) is a sequence of reals for a < o* such that limsup,,_,,, |af| < co
for each a. Then (B) = (A).

(A) There is 2* D 2, B* € MM such that Ave«(a®) > by for a < a*.

(B) For every partition (By,...Bp_1) of w with By, € dom(Z) and € > 0,
E* >0 and ap < -+ < ap_1 < o there is a finite u € w \ k* such
that

(i) B(Bm) —e < Be < 5(B,) +e.

(i1) ﬁZkEu ap’ > bo, —€ for £ <n.

Proof. We take

A = [{partitions (By, ... Bp_1) of dom(Z)} x (0,1] X w x [a*]<¥]<.
and take a filter 7 C P(A) such that for each

¢ € {partitions (By, ... By+_1) of dom(Z)} x (0,1] x w x [a*]<¥
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we have that
{FeA|lceF}eF.
For each F' € A we choose u(F) fulfilling the tasks (B) simultaneously for
all ¢ € F, ie. (i) and (ii) of (B) hold for u(F) = u, ¢(0) = (Bo,--.Bm*-1),
¢(1) =€, €2) =k*, €(3) = {ap,---,an—1}.
Then we take an ultrafilter / O F and set for A in the algebra A generated
by {{k|af € [¢,d']}|a < a*,0<¢<¢ <1} Udom(E):

Z*(A) = the standard part of (<% |F e A> / u) .

By the Hahn Banach Theorem, there is an extension of Z* to P(w). s

An important application of 3.3 (and the hard part thereof, which is only
proved in 3.6) is:

Claim 3.7. Suppose that Qq,Q2 are forcing notions in V, Zg € MU in
V, kg, “Ey is a finitely additive measure extending Eg for £ = 1,2,”. Then
IFQixq, “there is a finitely additive measure extending 21 and Zo (and hence
50) ”

Proof. We are going to show, that IFg, g, “ Z1 (in the réle of Zq of 3.3)
and {A% | A% € V92N P(w)} (in the role of (A% | < o*) of 3.3) fulfil (3.B)
of 3.3”.

First we show that
IFg,x@, dom(E1) N dom(Z2) = dom(Ey) = VN P(w).

So assume that we have an @1-name X and a Q2-name Y such that
IFQixg, X =Y.
Let Z ={n € w|Ip € Q1 plrg, n € X}. The set Z is in V and
kg, X C Z. It is easy to see that IFg, Z C Y. So we get
“_Q1><Q2 XCZCY =X,
and our first claim is proved.
Now we check (3.B). Let ¢, k, (A} € V? |i < m) a partition of w and ay,
£ < n be given. W.l.o.g. the A,, € V@2 are a partition of w as well.
If for some 1,4
”_Q1><Q2 4:‘ N Aag is finite,
then A} and A,, can be separated by some A € V. This is shown in a
manner similar to the proof of the first claim.
We choose a separator A € V for each i,£ such that IFg,xg, A N
Ay, is finite and let A7, j < j* be the partition of w in V' that is genergmted

by all the A%,
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€
mnj*

IFQux@s Af N Ag, N AT is infinite,

Then, we set &/ = and put for each ¢, £, j such that

in the forcing extension V@1X%2 the first
El(A;k N Aj) X EQ(AOL[ N AJ)
el x E()(Aj)

elements of A N Ay, N A7 (and no further points) into u.

Us.7

4. THE FIRST PART OF THE PROOF OF (¥*)g: INTRODUCTION OF K3

In order to prove (**) g, we need that for suitable Q = (P,, Qps A, T, 18, | B <

lg(Q),a < 1g(Q)) from K (see Definition 2.2) we have almost (in the sense
explained in the proof of 5.5) an expansion of the form

Qel‘P — <Paa Qﬁa Aﬂa T8, 148573, (AE,fl)tET | /8 < lg(Q)a (64 S lg(Q»
such that Q°*P is in a special class K3, which we shall define in Definition 4.2.

In order to introduce K2, we shall first define and (try to) explain the set
T of blueprints (Definition 4.1). For each blueprint ¢ and a < o* the E,
will be P,-name for some finitely additive measure on P(w) that conveys
some information about w-tuples (py |k € w) of conditions that fit well to

the blueprint ¢, from stage « to later stages in the iteration.

Let us tell more about the ideas of the proof of (x*)g5: In Lemma 2.12, if
the p¢ are not all Cohen, the premise 3 is hard to fulfil. Think of k1 many ¢
being given, so that we can do many thinning out procedures and have them
similar, i.e. similar partial random conditions and Cohen conditions. Then
we keep only the first w of the (’s and the first w conditions (p¢ | ¢ € w). We
try to strengthen them a little bit (to p'C) and then get that the strengthened
conditions allow to define one condition p® > p* such that

p® I« ﬂ treegs (@%¢) has finitely many branches”
(eE={(|p,eG}
and hence cannot contain a perfect tree. There are some requirements on

(pc | ¢ € w), as they have to predict some probabilities about the branches
of the treep: (@*¢) and about the subset of the {p} |¢ € w}, that lies in G.

The technical means to allow these predictions is the use of finitely ad-
ditive measures and the properties (e) to (i) in the definition of K3. These
items in the definition have long premises by themselves. However the
premises are sufficiently often fulfilled if we start with x* many p¢, thin
out, and choose an appropriate t € T .
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We embark with the definition of a blueprint . The set of all blueprints
is denoted by 7. The reader may think that ¢ describes some relevant
information about the chosen tuples (p;|( € w). Later it will turn out
that sequences described by the same ¢ are compatible forcing conditions
(though we have finite supports and are not interested in taking the union
of countably many conditions). This will be used in Lemma 4.8.

In the case of iterations where all Cohen forcings are just those forcings
in an initial segment of the iteration (as in 2.2 Part 2)), we can dispense
with the parameter m in the next definition. This simplification is not
worthwhile because the generality allows another application of the method:
In Section 6, we shall work with a type of iteration where Cohens are added
cofinally often.

However, we could simplify 4.2 slightly and leave out (f) there in the
special case that the f¢ of 2.11 move only one « in the Cohen part and leave
the indices at which partial randoms are attached fixed. We do not simplify
because we hope for future applications.

Definition 4.1. We fiz a k such that 2¢ > x (from 2.2). The set T of
blueprints is the set of tuples

= (wt’ nta mta ﬁta h’é’ hga h’é’ ﬂt)
such that
(a) w' € [k]¥°. (What is the purpose? Think of the latter as [x]No disguised.
Suppose that | dom(p¢)| = n® for all {, dom(p¢) = {vli< n'}, (7L |k €
w) € x¥ for each fized i < n', but x < 2% and we can fiz an injection and

keep as relevant information certain parts of k coming from of certain
f € 2%. Look at the w' in Subclaim 5.3.)

(b)) 0<n®<w,0<m!<nt. M will be the cardinality of the heart of the
A-system built from many pc and m' will be the cardinality of the part
of the heart that is lying below x.)

(c) 7t = (nfl,k |n <nl ke w), nfl,k € ' (nfl’k codes the nth element of the
support of px, for k € w and these k are the first w of the ().

(d) h& is a partial function from [0,n%) to k ' (dom(hl) is the part of those
a in the heart of the A-system where Qq is the Cohen forcing. In the

"We do carry out the simplification suggested in a footnote in [20] and take & instead
of “k here. This does not bring any disadvantages, because when choosing (p¢ |{ € w)
we have initially k¥ many p¢, and hence can thin out such that for each ¢, | domp¢| is
the same, say n‘, and that for auch n < n‘, the p((nth element of dom(p})) = h§(n) are
independent of , if they lie in some notion of forcing with conditions in some Q. with
|Qal < 5.
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somewhat simpler case of 2.2 Part 2), this domain coincides with the
part of the heart that lies below x.)

(e) hb is a function from [0,n')\dom(h}) to <¥2. (Think of bl giving some
information of a partial random condition attached at some point of the
heart.)

(f) Rt is a function from [0,n') into the rational interval [0,1)q, such that
{n|h%(n) # 0} C dom(h}). Furthermore we have that ), ... /B! (n) <
%. (Think of b giving some information about the Lebesgue measure
of the limit of the a partial random condition attached at some point of
the heart intersected with dom(h}).)

(g9) 77;1,191 = nfu,kz = n1 = ng (This is some compatibility requirement,
which is useful in 4.5.)

(h) For each n < n' we have that <n2’k |k € w) is either constant or with
no repetitions (that is: either in the heart of the system or among the
moved parts of the domains of the (px | k € w)).

(i) a* = (nl|k € w) where nf = 0, n}, < nl,, < w and the sequence

(nf., —nilk € w) goes to infinity. (This last ingredient does not
describe py but is just an additional part handling the finitely additive
t. The sequences n' shall allow to compute intersections of
sets of branches from lim tree, and for these computations (see 5.3) the

measures =

pe are grouped together for £ € [ni,n}iﬂ)-)

There are x* many blueprints. (Remember we also require that 2% > y,
otherwise the choice of the 7 in the following definition would fail.)

Explanation: We continue the explanations begun in the parentheses in
order to explain how the conditions shall work together:

As mentioned, (x)g follows from the fact that in Ve if E € [x]*" and
m € w, then [, tree,, (a®) is a tree with finitely many branches. Suppose
some p forces the contrary. We take p; > p such that p. IF “8, € E” for

¢ € x and such that B & {8 | & < (}-

We can assume that the p; are in some given dense set (will be Z; of
5.1 in our case) and that the (p;|¢ € k™) form a A-system with some
additional thinning demands, putting k™ many objects into less than &
many pigeonholes. (See our earlier remarks about working with x* many ¢
and the proof of Lemma 5.2.)

We assume that dom(p;) = {yn¢|n < n'}, yn is increasing in n and
Yne < x iff n < m’ and that 3¢ is one of the yn¢. We let p’g be p¢ except
that p¢(f¢) is increased a little.
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It suffices to find some p® > p such that p® I “A = {{ € w |p'C € G}is
‘large enough’ such that (¢ 4 tree,, (@) has only finitely many branches”.

The ‘large enough’ is interpreted in terms of a =%-measure.

The n < n’ such that (v, 18 a forcing notion of cardinality < (in our
forcings, then it is just the Cohen forcing) do not cause problems because
ht(n) tells us exactly what the condition is. Still there are many cases of
such (p¢ |¢ € w) which fall into the same ¢, and we will get contradictory
demands if Yy, ¢, = Yn,,c, and ny # ny. But the w', 7 are built in order
to prevent this. That is we have to assume that 2 > y in order to be able
to choose (14 | @ € X), Na € 2¢ with no repetitions and such that for v C x,
|v| < R (in the applications, we shall have v = {an ¢ |( € w}) there is some
w = w' € [K]X° such that (n, [ w|a € v) is without repetitions.

So the blueprint ¢ describes such a situation giving much information,
though the number of blueprints is x“.

If Qa,, . is partial random, we get many different possibilities for p¢(yn,¢),
too many to apply a pigeonhole principle. We want that many of them will
lie in the generic set. Using (h{(n),h%(n)) we know that in the interval
(«2)lhs ()] the set lim(p¢ (yn,c)) is of relative measure > 1— A% (n). Still there
are too many (possibly incompatible) p¢(vn,¢) and finally, in 5.2 and5.3, the
existence of many compatible candidates is ensured by the finitely additive
measures.

The n' = (n! | k € w) are going to be used in the end of Section 5, where

we show that {(| p'C € G} is large by showing that for infinitely many k we

have that . . ,
[{¢Iny, < ¢ <njy and p, € G|

t _ ot
Mgy — Ny

is large, say > € > 0.

The n}5C will be chosen such that they are increasing fast enough with k&
and (p(yn¢) | ¢ € [nf,m},,)) will be chosen such that for each & > 0 there
is some s € w such that for k large enough: if the above fraction is above ¢
then

k2N ﬂ{treem(&ﬂ‘) |ni > ¢ <nl,, and p) € G}
has < s members, hence the tree has fewer than s branches.

Comment on simplifications: Now we finally define the kind of iteration
we use for the proof of (+*)5. The reader who is longing for some simpli-
fication may omit the condition (f) in 4.2, 4.5 and 5.3 and work just with
conditions p¢ that do not differ at any index in the iteration where a partial
random real is attached to it, but only at those indices where a forcing of
size less than k is attached, or even work with with p, that differ only at
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B¢ < x (from 2.11). A look at the beginning of 5.2, where the p; and p'C
are chosen, and a look AUT(Q) shows that the restriction to this simplified
situation is always possible when forcing with a member of the restricted

class described in Definition 2.2 Part 2.

Definition 4.2. K3 is the class of sequences

Q = <PaagﬁaAﬁaNﬂ7Iﬂanﬂa (EZ)teTW < a*a/B < Cl*>
(we write o = 1g(Q)) such that
(a)

Q = <Pa79ﬁaAﬁay‘ﬂ7Iﬂ7 |a < a*aﬁ < a*>
is in K from Definition 2.2.

(b) ng € *2 and for f < a < a* we have that ng # 14.

(c) T is the set of all blueprints, and Z, is a P,-name for a finitely additive
measure in Ve increasing with a.

(d) We say the (ay | £ € w) satisfies (t,n) for Q, if

(Think of pe being the first w of the p¢ and (ay |£ € w) = (Yn,¢ | € W),
and in particular, (ag|f € w) = B |l € w from 2.10. (oy is for some
n always the nth element in dom(py)) Further think that the following
items also mean that (pg|£ € w) being sufficiently described byt € T)
1. (y|lew)eV,

2. teT,n<n

3. ay < aypy <ot

4. n<m! & Ve < x) & (g < x) (the moved positions oy are
in the Cohen part),

5. nfl,e = Na, [ awt. (Na, describes where oy really is, and 7731,13 describes
a part of it of size w. For a given t, the n such that Q satisfies
(t,n) is unique by 4.1 (g).),

6. Ifn € dom(h}) then pq, < K and IFp,, “|Qa,| <k and (hb(n))(¢) €
Qou”

7. If n € dom(h}) then Pay > K, 50 Il-paz “Qa, has cardinality > £”
(hence it is partial random),

8. If (nfl,k |k € w) is constant, then Y€ oy = ay,

9. If <77f1,k |k € w) is not constant, then Yl ay < 1.

(e) If & = (|l € w) satisfies (t,n) for Q, Nse, (e < agy1), n € dom(h)
and
C = {k € w|VL € [ng, n41) ho(n)(0) € Gq., ),
then
IFp,. Ea(C) = 1.
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(f) If & = (| € € w) satisfies (t,n) for Q, Nse, (e < agt1), n € dom(h}),
P = (pe|£ € w) is such that py is a Py,-name for a member of Qa,, and
for every £,

Leb({n € “2| h}(n) < n € lim(p,)})

9lg(h}(n))

(%) Fp,, 1— ht(n) <
and if € > 0 is such that
{€ € [nk; k1) | Pe € G, }

t _ t
Mgy — Ny

C:{kew Z(I—hi(n))(l—e)}a

then
b, Ehe (€)= 1.

(9) If & = (ag|L € w) satisfies (t,n) for Q, N, @ =, n € dom(h}), 1
and T = (r¢ | ¢ € w) are Py-names for members of Qo such that

()

in Vi vr' € Qq if r' >, then
Avze, ((ag(r') |k € w)) > 1 — hi(n), where

= Leb(lim(r'") N lim(ry)) 1
a'k(lrl) = ak(’rlalr) = - . ;
ee[n§k+1) Leb(lim(r")) gy — 1Ny,
then
”_Pa* lﬂ:fZ' e Qa, then

1-hi(n) < Avg

~

T 1
Mgy — Ny

(< {€ € [} miy1) 12 € Gaa, }

ke w>> 7.
(h) Pj% < P,,

(i) Fort € T,a € o*: If lkp, |Qa| > &, then ZL, | P(w)VPA" is a Py, -

name.2

Definition 4.3. 1. For Q € K2 and for o* <1g(Q) let
Q f o = <PaagﬁaAﬂauﬂ’Iﬁanﬂ’ (,,Eta)tET | a < a*aIB < (1*).
2. For Q',Q? € K2 we say:
Q' < Q*if Q' = Q% g(QY).

2This is where the information is whispered, showing that Qo the random forcing over
V[rs | B € As], behaves in the sense of =, instead of the Lebesgue measure in a certain

=t

sense generic: r, hits sets of large =, measure.
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In the next three steps, we show that K2 is sufficiently rich: That is, if we
have some () in K2 then we can find an extension. The successor step and
the limit step of cofinality w require some work, whereas the limits of larger
cofinality are easy because no new reals are introduced in these limit steps.

Fact 4.4. (1) If Q € K3, a <1g(Q), then Q | a € K3.

(2) (K3,<) is a partial order.

(3) If a sequence (QS | ¢ < &) is increasing, cf(6) > R, then there is a unique
Q € K3 which is the least upper bound, 1g(Q) = U€<Jlg(Q4) and Q° < Q
for all ¢ <.

Proof. Easy.

Lemma 4.5. Suppose that Qn, < Qui1, Qn € K3, an = 1g(Qn), ¢
sup(ay,). Then there is some Q € K2 such that 1g(Q) = 6 and Q, <
forn € w.

Qi

Proof. We have to define (Ef)¢c7, such that (e) and (f) of the definitions of
K3 hold. The items (g) and (i) do not produce no new tasks in the limit
steps, and we proved (h) in 2.6 and 2.7.

So, we look again at (e) and (f) of 4.2:

(e) If & = (ay | £ € w) satisfies (¢,n) for Q, A, (¢ < agy1), n € dom(h)
and

C = {k € w|VL € [ng,nk11) hi(n)(L) € GQa, ts
then
IFp,. E6+(C) = 1.

(f) If & = (| € € w) satisfies (¢, n) for Q, Ay, (e < art1), n € dom(ht),
p = (p¢| £ € w) is such that

Leb({n € 2| h%(n) < n € lim(py)})

t
(%) “_Paz 1—-hi(n) < 9lg(h}(n)) ’

and € > 0 and

. {kew ‘ 12 € gt ) |22 € G )

t _t
N1 — Ny

> (1 - hi(n))(1 —¢) }

then
IFp,. Eo- (C) = 1.
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By 3.2 it suffices to show

Fp, “if Be |Jdom(E,) = | (Pw)"™
a<ld a<d

and E,(B) > 0 and j* € w and C},j < j*, are sets
from (e) or (f) (whose measure is required to be 1 there),
then BN (1) C; #0.”.
J<j*
Towards a contradiction, assume g € Py forces the negation. So possibly
increasing ¢ we have: For some B and for some j* € w, for each j < j* we

have € > 0, and n(j) < n! (ai |4 € w), (Pé | £ € w) involved in the definition
of Cj (in (e) or (f) of Deﬁmtion 4.2), and q forces:

BGUdom UP Vpa

a<d a<d

U dom (Z ) >0,
a<d
C comes from (e) or (f),

Bn () ;=0
J<jg*
There is some «a(*) < § such that B € dom(gz(*)) is a Py(,)-name. The C;
have n(j) < n?, (ai |4 € w), (;gé | £ € w) as witnesses as required in (e) or (f)
above. W.l.o.g. ¢ € Py(y) and q € Gp,,, C Py(x), Gp,(,, generic over V.
We can find k € B[Gp, ] such that A;_;. Ay [t mt (Oz% > a(*)) and

k+1
moreover such that nk 11 n,C is large enough compared to 1/¢, j*, in order

to allow us to apply the Tchebyshev inequality and the law of large numbers
for n{  ; —n} random choices. (The n} come from item (f) of the definition
of a blueprint, and are not the n.)

Let {aé|j < j* and £ € [n},nf )} be listed as {Bm|m < m*}, in
increasing order (so By > «a(x)) (possibly ael = oze2 (J1,41) # (j2,42)).
We now choose by induction on m < m* a condition ¢, € Pg,, above g,

increasing with m and such that dom(g,,) = dom(q) U {00, 01, - .- Bm-1}-
We stipulate G, = 4.

During this definition we throw a dice and the probability of success (i.e.
g F “k € C;” for j < j*) is positive, and hence g, will show that our
assumption on ¢ is false.

Case A:m =0

Let g9 = q.
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Case B: We are to choose gp;,+1 and for some n < n’ we have n € (_iom(h’é)
and v and: if j < j* andéEwthen(a@:ﬂmﬁn(j) =n A p%:fy(:
ho(n(i)(0) € @p,,)-

In this case dom(gm+1) = dom(gm) U {Bm}, and

am(B) if B < Bm,
v ifﬂ = ﬂm

The choice of (4, £) is immaterial as for each (3, there is by the definition

am+1(8) = {

of “satisfying (¢,n) for Q”, item 5, a unique n < n’, such that there is some
¢ such that ng,, [w'= 7731,12 and conditions (g) of 4.1 and (d) 8 of 4.2 imply
that if nfm is not constant then (8, = 0‘2 = OAZ — 1 = £3). Hence v = pfq'
is well-defined.

Case C: We are to choose gy, +1 and for some n < n* we have n € dom(hf)
and: if j < j* and £ € w then o = B, = n(j) = n.
Work first in V[Gp, ], gm € Gp,_, Gp,  generic over V. The sets

{lim(pllGr,,]) | of = fm, £ € [nh, k)i < 3%)}

are subsets of (“2)[i™] = {5 €¥ 2| hL(n) < n}. We can define an equiva-
lence relation Ep, on (#2)hs(m)]:

v1 Epus ift (V(j,e) sth. of = B i 11 € lim(p)[Gp, ]) & n € 1im(ggj[Gpﬂm])) .

Clearly E,, has finitely many equivalence classes, call them (Z" |i < i,,).

All are Borel hence are measurable; w.l.o.g. Leb(Z™) = 0 +» i € [i%,1F).
For i < i} there is 7 = rp; € Qp,,[Gp, | such that

lim(p)[Gp,, 1) 2 Z" = r>pilGp, ],
lim(p)[Gp, )NZ" =0 = lim(r) Np}[Gp, ] =0.
We can also find a rational a,,; € (0,1)r such that

- Leb(Z™) a4 f
Imi S Slg(rm) S 9mi T g

We can find ¢;, € Gp; , gm < gy, such that g, forces all this information
(so for ZI™, 1y, we shall have names, but an,;, 1%, i, are actual objects.)
We then can find rationals by, ; € (am,i, @m,i+€/2) such that Ziq% b, = 1.

Now we throw a dice choosing i, < i& with the probability of i,, = i
being by, ;, and finally we choose g,,+1 as follows

dom(qm+1) = dom(Qm) U {/Bm}a

B {q;n(ﬁ) if B < B,
Tl = rmin i B = fm.
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This covers all cases. Basic probability computation (for n}fC 41— nz in-
dependent experiments, using (x) of (f)) show that for each j coming from
clause (f), by the law of large numbers the probability of success, i.e. having
gmi1lFp k€ CjNB,is > (1-1/5*)(1—¢e 2+ (n},; —n})!). For j coming
from clause (e) we surely succeed. Oss

In the following lemma, the whispering conditions (i) of 4.2 are crucial
for building X3.

Lemma 4.6. 1) Assume that

(a) QeK? Q= (Pa,Qp,Ap, 118, 78,18, (Eb)reT | @ < o*, B < ),
(b) ACa*, k<|A],

(c) ne (2" \{ns|B € a},
(d) Pa < Par, Qo+ is the Pox-name from 2.2 (F)(B) and

ift €T then E%. | VP4 is a Py-name.

Then there is QT = (Po,Qp, Ag, 118, 7,1, (Eb)ier | < o + 1,8 <
a* + 1) from K3, extending Q such that Ag« = A, 1o+ = 1.

2) If clauses (a),(b),(c) of part 1) hold then we can find A’ such that
A C A C o |A'| < (A4 number of blueprints )N such that Q,A',n
satisfy (a),(b),(c),(d).

Proof. 1) As before the problem is to define ZL. +1- We have to satisfy clause
(g) of Definition 4.2 for each fixed ¢ € 7. Let n* be the unique n < n’ such
that [ w" = 7}, , for some £ € w. If n* € dom(hg) or if (). ,|£ € w) is not
constant or if there is no such n* then we have nothing to do.

So assume that ay = a* for £ € w and that nf;*,e =n | wfor £ € w.
Let T' be the set of all pairs (r, (r¢|¢ € w)) which satisfy the assumption
(%) of 4.2(g). In VFa"+1 we have to choose Ef,., taking care of all these
obligations.

We work in V e*. By the assumption (d), which says that Zf. [ Pa
(hence in particular the E4+(X), where X is built from the 7, 7¢) is a Py-
name, and by Claim 3.7 it suffices to prove it for EL. ., | (P4 * Q) (as Z;
there) and for Ef.. 41 | Por (as Zp there) separately, and for the latter there
is nothing to prove.

By 3.6 it is enough to prove condition (B) of 3.6. So suppose that
fails. Then there are (B,, |m < m*), a partition of w from V4 such that
EL.(Bp) > 0 for m < m* and (1, (r}|£ € w)) € T and n(i) = n* < n’ for
1 <1* <wande* >0, k" €wandr € @y which forces that there is no
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finite v C w \ k* with (i) and (ii) of 3.6(B). W.lL.o.g. r forces that r' € G,
for 4 < i*, otherwise we ignore such an 7’. So r > r* for i < i*.
By our assumption (*x) of 4.2(g) we have that for each 7 < 7* and ' > r

Avz: ((ak(r') |k € w)) > 1 — hi(n),

where
, ) Leb(lim(r') N lim(r}))
az(r'):m Z Leb(lim(r”)) =
k+1 k Eenfc,ni_,_l)

Now VP4 plays the réle of the ground model (V in 3.6) and Random" 7« [2€A] —

vPa

Random is the full random forcing over this ground model. So by 3.6 is

suffices to prove:

Lemma 4.7. Assume that E is a finitely additive measure, (By, ... Bpy«_1)
a partition of w, E(Bp) = am, ¥ <w and r, r}; € Random for i <i*, £ € w
are such that

(x) for every r' € Random such that ' > r and for every i < i* we have
Ave((ai(r') |k € w)) > b;

where

1 Leb(lim(r) N lim(rd))
ai(’]",) _ Z (S} 11m 'I". 11m ’]"e
nfc_H —nt = Leb(lim(r'))
"k

Then for each € > 0, k* € w there is a finite u C w \ k* and r' > r such
that

(1) am—e < |un Bpl/|ul < am + €, for m < m*,
(2) for each i < i* we have

{e|nl, <t <nl,, andr' >r}}|
Z ; 7 > b; —e.

Ju] . Me+1 7~ T
Proof. Let for ¢ < i*, m < m™:
cim(r') = Avay,, ({ay (') | k € Bm)) € [0, 1)z
So clearly
b < Avs((aj(r) |k €w)) = Y Avgs, ((ak(r) |k € Bp)) - E(Bn)

m<m*
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Since for each z € w\ {0} there are only finitely many equivalence classes
in the equivalence relation E, where

(Cim|i<i*,m<m") E, (cg,m |7 <i*,m <m")
iff

, . . 2 +1 , 2 2 +1
(for 2’ < z,i <i",m <m") ¢cim € o Cim € 2 ,

we have that there is a condition 7} such that each class is is either dense
above 7} or does not appear above r7;.

We apply this with some z > % and get an r* > r and a sequence (¢; ., | i <
i*,m < m*) such that

(a) Ci,m € [Oa 1]Ra

(c) for every r' > r* there is " > 7’ such that
(Vi < 5*)(Ym < m™)[cim — € < cim(r") < cipm + €]

Let k* € w be given. We now choose s* € w large enough and try to choose
by induction on s < s* a condition r; € Random and natural numbers
(ms, ks) (flipping coins along the way) such that:

ro = 71%,

Tsq1 2> Ts

Cim — € < Cim(rs) < cim + € for i <i*,m < m*,
ks > k* kys1 > ks

ks € By,,.

In stage s, given rs; we define rs11, 15, ms, ks as follows: We choose
mg < m* randomly with the probability of ms being m being a,,. Next we
can find a finite set u; C By,, \ max{k* + 1, ks, + 1|s1 < s} such that

(+) ifi<i* then ¢, —€/2 < ‘ul—s| > keu, al(rs) < cim, +€/2.

We define an equivalence relation e on lim(r,) by

M1€s72 iff (Vi < i*)(Vk € us)(V € [nfc,nfcﬂ))[m € lim(ré) oy €
lim(r})].

The number of equivalence classes is finite. If Y € lim(r;)/e;s satisfies
Leb(Y) > 0 choose r5y € Random such that lim(r;y) C Y. Now choose
rs+1 among {rsy |Y € lim(ry)/e, and Leb(Y") > 0} with the probability of
rs+1 = 75,y being Leb(Y’). Lastly choose ks € u, with all k£ € uy having the
same probability.
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Now the expected value (in the probability space of the flipping coins),
assuming that mg; = m of

1 .
7 % [{€|nf <L <njy and o4 > TR}

N1 — N
belongs to the interval (c; m —€/2, ¢im +€/2) because the expected value of

1 1 .
7 = x |{£|nj, <€ <nj,, and req > 1l

|us] kCu, N1 — Ny
belongs to this interval (which is straightforward).

Let 7' = rg«, u = {ks | s < s*}. Hence the expected value of

1 1 -
m%m x [{€|n}, < €< np,, and ' > r}}|
is >3 s am(Cim —€/2) > b; — /2.

As s* is large enough with high probability (though just positive proba-
bility suffices), the (rs«,{ks|s < s*}) are as required for (r’,u). Note: We
do not know the variance, but we have an upper bound for it not depending
on s. There is also a strong law of large numbers that does not require a
bound on the variance (see [3]). 04.7,4.6,Part1)

Ad 4.6, Part 2: The proof is an easy counting argument, just enrich A
successively such that everything required becomes an P4-name. [y pars2)

Remark: We do not use 4.6 2) in our work, nor do we need here that the
number of blueprints is small compared to x (which is important in [20]),
because we shall never use that X3 is not empty. In 5.3, 5.4 we need only
small parts of the properties of elements in 3. So we shall keep the parts
needed in mind and, in 5.5 we shall show that an arbitrary member Q of
the subclass of K given in 2.2 Part 2) behaves similarly to a member of X3
as far as (x)g is concerned.

The following is needed later to show that sufficiently often the clause (g)
of Definition 4.2 is not trivial, that is, the premise (**) there holds.
Lemma 4.8. Assume
(a) E is a finitely additive measure on w and b € (0, 1],

(b) n?;c <w fO’I‘ ke w, n}:c < ni;c—l—l’ and hm(nfﬁ_l — n?;c) = 00,

(c) r*, ¢ € Random are such that: (++) (V£ € w)[Leb(fé?)((Tig?:?;l)(”)) > b].

Then for some r® > r* we have that
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®(r®) For every r' > r® we have Av=({a(r', k) |k € w)) > b where: a(r') =
a(r', k) = ag(lim(r")) and for X C 2% we have that

1 Leb(X Nlim(ry))
Z Leb(X) )

ag(X) =

ot t
n —n
k+1 k
+ fentnt )

Proof. Let
T = {r € Random |7 > 7*, and Avz({ax(r') | k € w)) < b}.

If 7 is not dense above r* there is some ® > r* (in Random) such that for
every r > r®, r € I, so r® is as required.

So suppose that Z is dense above 7*. We take a maximal antichain {s; :
i < 1*} C Z. Because T is dense above r* we have that {s; : 1 < ¢*} is
a maximal antichain above r*. Hence Leb(lim(r*)) = > ._.. Leb(lim(s;)).
Since Random has the c.c.c. we have that ¢* is countable and we assume
that * < w.

For any j < i* let s/ = Uie; si- Note that im(U,,<; sm) = Up,<; lim(sm)

and
) = (U sm) = X gl

m<i i<j (Um<j Sm

Hence we compute

Avz((ar(s’) [k €w)) = Avz({ar({] sm) |k € w))

m<j
_ Leb(s;) .
T 2 Tab(Uyy ) <RI IR E L)
~ Leb(U;<; %) (b—e)+ s Leb(Uyp<; 5m) b

= b— Leb(lim(syg)) - ¢,
where € = b — Av=({ar(so) | k € w)), so e > 0.

Now let j be large enough such that Leb%iéﬁgﬂg}ff’g’)(sj)) < Leb(lim(sp)) - .

Then
Av({ax(r*) |k € w)) =
LRIV e fautim(e) (o) . )
%m - Avz((ax (lim(s?)) | k € w))
Leb(izr;(g;}:i;r;(sj)) g % (b — Leb(lim(sq)) - ¢

< Leb(lim(sg)) - € + (b — Leb(lim(sp)) - €) = b
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contradicting assumption (c). Ugg

Lemma 4.5 took care of the successor step in the case of |A| > k. We close
this section with the successor step for |A| < k (which means empty A for
the iterations from 2.2 Part 2). Everything in this section applies to 2.2 Part
1). Only at the end of the next section we shall make use of the particularly
good additional features of the narrower class in 2.2 Part 2): Small forcing
conditions, orderly separation between Cohen part and random part etc.

Claim 4.9. Assume that
(G,) Q € K:37 Q = <Paa9ﬂaAaau’ﬂaIﬂ’nﬂ’ (NEfx)teT | a S Oé*,ﬁ < Ol*>,
(b) ACa*, k>|A| and i < K,

(c) n€(*2)" \ {ng|B € a},
(d) Q 1is the Po~-name for a forcing notion with set of elements fi, and is
definable in V[(1g| B € A)] from (15|B € A) and parameters from V.

Then there is

Q+ = <Paa9ﬂ7Aa7,u’ﬂaIﬂ777ﬂ’ (Efx)tET | a < o* + ]-716 <a’ + 1)
from K2, extending Q such that Qo = Q, A = A, Nox =10, o = 1.

Proof. The Definition 4.2 gives no requirements on the Z¢. 11 Oy49

5. THE LAST PART OF THE PROOF OF (**)Q

In this section we shall finish the proof of ()5 for K3, and then we shall
finish the proof of 2.11 and 2.1.

We give an outline of the proof of (xx)5 for K?: We assume that we have
a counterexample p*,T' (for a perfect tree C ([, Elimtreem(ac))V[G]), m
(for the treey,), E to it. We thin out the p; that are forced to be in E. Thus
we get a in some sense indiscernible set of conditions. Some features the
first w of these indiscernibles are described well by a blueprint ¢ € T, and
this description allows us to define some p® > p* such that p® forces that
T = T[G] cannot be a perfect tree because the subset A C E[G] over which
we build the intersection is ‘too large’, and thus we have a contradiction.
Having Z!-measure non zero ensures infinity, and indeed the measure Zf,
will lead to the notion of ‘too large’ that we are going use (see 5.2 and 5.3).

Then we show (*)g for the members of the subclass of K that is given
in 2.2 Part 2). We start looking for finitely additive measures only after pe,
( €wandt €T (remember: 7 is the set of blueprints for x from 4.1) are
chosen and do it only for one suitable t. We want to have some E!. that
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satisfies just the requirements in 4.2 (with true premises in (e), (f), (g) for
our chosen (ay | £ € w)!) that speak about our p, in order to jump into the
proofs of 5.2 and of 5.3, which work with K2, and go on like there.

It turns out that only requirements about p’c(x + V), n < n* € w, n*
the size of the part of the heart of a A-system lying above y, are relevant.
We shall look at QX for several x (and the same s, u, Yo,...,Vn*—1) and
use a Lowenheim Skolem argument to provide the (Efm)nqﬁ,t@- good for
these requirements. Besides some elementary embedding, we shall use the
automorphisms for the Q) from 4.2 Part 2) in order to make sufficiently many
instances of (e), (g), (i) of 4.2 true. (We already mentioned that (f) is ad
libitum.)

Lemma 5.1. Suppose that € = (g¢|{ € w) is a sequence of positive reals
and that Q € K3 has length o Recall that P, was defined in 2.3c). Then
the following Tz C P, is dense:
I-={pe P, | there are m and ag, vy for £ < m such that:
(@) dom(p) ={ap,...am1},a0 <a1 < <ap_1 <a,
(b) if |Qa,l < &, then p(ay) is an ordinal,
(c) if |Qq,| is partial random, then Itp,, “p(aw) C (w2)l]
and Leb(lim(p(ay))) > (1 — ;) /2'8%0) 7},

Proof. By induction on « for all possible €. Use the Lebesgue Density The-
orem [15]. Us.a

Lemma 5.2. If P, =1im(Q), a = 1g(Q) and Q € K?, then (xx)g from 2.11
holds.

Proof. Suppose that p* IFp, “T',m, E form a counterexample to (%) o Let
€ = (e¢|£ € w) be such that g, € (0,1)r and such that }°,. /2e, < 1/10.
For each ( < kT let p’c > p¢ > p* be such that p'< € TI: is witnessed by

W |ae dom(p}) A [Qal > k) and
e IFp, “B¢ is the (-th element such that 7' C Ng%]".

Call the p'C now p¢ again. By thinning out we may assume that there are
1, vy, V1, 4, 2, 'yf, Vi, $* such that
1. dom(p;) = {’yf|z < 3*} with 'yf increasing with 7, let vg ={i <
i* | |Q7g\ < K}, then vg = vy is fixed for all {, v1 = * \ vy,
2. dom(pé)(( < k1) form a A-system with heart A C dom(p*),
3. B¢ € dom(p¢), Be = 7§ for a fixed z < 7*,
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4. (dom(p¢), A, x, <) are isomorphic for { < 7,
5. if 4 € vg, then pc(fyf) =n; for ( < kT,
6. if 7 € vy, then Vic = v; (recall I/CC € <¥2 is given by the definition of
T,

7. pc(Be) = s* for ¢ < kT, s* = ((ng,a0) |£ < m*), wlog. m* > m
(where m is from the counterexample to (*)g) and m* > 10 (this is
a similar but not the same as in Lemma 2.12),

8. for each 7 < #* the sequence (vf |¢ € k™) is constant or strictly increas-

ing,

9. the sequence (B¢ |¢ € ™) is with no repetitions (since, if p¢,, p¢, are

compatible and {1 < {3 < x, then B¢, # B¢,)-

Now we keep only the first w conditions p¢, ( < w. For every such ¢ let
pp > p¢ be such that dom(py) = dom(pc), pe(v) = pc(7y) except for v = B¢
in which case we extend p¢(6;) = s* in the following way:

We put 1g(p;(8¢)) = lg(s*) + 1 = m* + 1 and set p¢(5¢) = s*A((jg,ag)).

Before we define (jg,ag) we choose an increasing sequence of integers
s = (s¢|£ € w), sp =0, such that

st — s = |(20) @O,

where
j* = 3nmr—1 +1

(recall from 7. that n,,+_1 is the first coordinate of the last pair in s*) and we
let jr = 5* + k!! and let jg = ji, when ( € [sg,sk+1). Now for ¢ € [sg, Sk+1)
define a; such that

{aC | C S [Sk, 3k+1)} — [jk2]2jk(178—m*).

For €* > 0 we define a P,-name by
€ [sk, s req
Ag*z{kEw I{¢ € [sks sk+1) | Pt ~Pa}\>€*}_

Sk+1 — Sk
For the proof of 5.2 we need

Subclaim 5.3. There is a condition p® > p* that forces that for some
e* > 0 the set A+ is infinite.

Ezplanation. The p® is an analogue to the premise no. 3 of Just’s Lemma 2.12.
The condition p®(7) is roughly spoken “as compatible as possible with many,
in the sense of the =} (Ac+) > 0, of the (Pz(7)[¢ € w)”. The coding with the
Ufl,g and the 7, | wt, w' from (5.1), ensures that p® is well-defined by the
definition below.
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Proof. We may choose any £* < 1 — 3, +/2¢, (where the € = (g [£ € w)
was chosen at the beginning of 5.2). First we define a suitable blueprint

teT,

= (wta nta mta ﬁta h%)a h%a héa T_"t)'
We let
w' ={min{B € K |n_cy(B) # 1_c»(8)}1¢(1),{(2) <w and
(5'1) Yi(1) Yi2)

040 < and off] £

where the 7, come from the definition of 3. (w'

is well-defined because 7
is injective.)

Let n’ = ¢*, dom(hf) = vy, dom(h}) = dom(h}) = v1 and n} = s,.

We set nfl, ¢ =g I wt. Note that the nﬁhg satisfy the requirements from
4.1(g) and (h): By 5.2 item 4., we have that 7§ = 751’, implies n = n’. Hence
we have that ni,c = 77:1’,(’ implies that NS Fwt = ¢ I w! and hence by the

!
fl, and hence n = n'.

definition of w', that 751 =7

If n € vy, then Af(n)(£) = vy so it is constant independent of £.

If n € v; then hl(n) = &, and hi(n) = vy,. Finally we set m' =
max{k | V(¢ ’y,g <x}+1L

Note that by our choice of ¢, (y4|¢ € w) satisfies (¢,n) for Q for every
n < g*.

We now define a condition p® such that it will be in P,, dom(p®) = A,
p* < p®. Remember that dom(p*) C A, because for each ¢ we have that
p* < p¢. If v € A then for some n < n’, we have that Ncew 75 = 1.

Case: n € vy.

If n € vy we let p®(y) = hf(n), so in VF

p® kg, “BL 1 ({¢ e w|hf(n) € G,}) =1 if n € dom(hg)”.

Case: n € vy.
If n € vy, then we define a P,-name for a member of @, as follows. Consider
r¢ =pp(y)for( <w. Letr = p*(y)ﬂ(“’2)[h3(")] ify € dom(p*) and otherwise
we let 7 be just (“2)["2(W)] Now the premise (c¢) (++) of Lemma 4.8 is true
with b = 1 — 2e,. Thus by Lemma 4.8 there is some rJ > r such that for
every r' > 5 in @y we have that

Avz: ((ap (') [k € w)) > 1 — 2h%(n) = 1 — 2, where

*k )t = ng N 1 Leb(]im(lr')ﬂlim(’rn))
(%), (r)=——"= Z Leb(lim(r')) -

- ot t
n —n
k+1 k éE[nZ,nZ_'_l)
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Since (74 |¢ € w) is constant since, by (%%); = the assumption (xx) of
condition (g) of 4.2 holds, we get that in V'
k€ w>> >1—2e,".

For every ¢ > 0 we have: If Avz({ax |k € w)) > 1 — ¢’ then for every € > 0
such that e + ¢’ < 1,

r* Ik “A |e € [nz’n§c+l) |p€(7) € QQ»yl
Yy Q’Y V,,Efy_i_l nt _ ,nt
k+1 k

E({llag<1—¢€ —€}) - (1—€ —e)+E{l]ag>1—¢€" —¢€})-1 >
Ave({ag |t ew)) > 1—¢,

and hence

EI

e +e

E({flag<1—-¢€ —¢}) <

Now we put & = 2e, and get for every € > 0

< .
~ 2en+¢€

=t
ri kg, “BY {k cw

? € [nt nt eqd 2
| [k kt+1)‘pﬁ(;7) ~Q7| <1-2,—¢ €n
Npy1 — g

We take € = \/2en — 2e,, and thus get

¢ € [nt,nt eqd
Tf; I, “EQH {k Ew £ € [y ktH) |pz(;7) Go,l <1-— \/25,1} < V2e,.”
Ngy1 — g

So there is a P,-name 1% of such a condition. In this case let p®(y) = r7.
So we have finished the definition of p®, and it clearly has the right domain.

[Notice for later generalisation: The property (g) is used here only for «y
in the heart of a A-system. Moreover, in order to establish (g) for v as in
4.6, the property (i) is needed only for ~.]

Now suppose that n < n’ is such that 751 ¢ A. (Note that this case
can be avoided by an appropriate choice of p’c, see our earlier remarks on
simplifications.) Define 3 = (B;|¢ € w), B¢ = 78, ¢ = p’g(yg) Then
satisfies (¢,n) for P. If n € v;, by our assumption that py(y) € Z¢ and
en = hi(n), we get that the premise of clause (f) of 4.2 is fulfilled, hence in
VFa:

For each € > 0

— ( { o[ e mhnt ) o) €6yl _en)(l_g)}> .

t t

Mpyp1 = T
Putting both cases of n € v; (the one with 'yﬁ € A and the latter, comple-
mentary one) together and assuming that p® € G we get in VFe for every
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V2e, > B ({k €Ew

[{¢|n}, <€ <mnj, ,and r} € Gp,}|
1—+2e, > Y .
k+1 k

Let

Al ={k €w| if ¢ € [n},n},,) and i € vy then p, [{'yic} €Gp,}-

Then, by 4.2 (e), Z¢,(AL) = 1.
So

A U(w\ 4L) D

{kEw

llnt <l <nt dr e G
w\ U {kEw ‘ [{e]m < Mht1 ANC Ty P <1—\/2€n}.

T 1
N1 — Ny

if n € v; then |{€|n§c <t< n7;c+1 and r} € Gp, }|

21—\/E}=

t t
Mg — Ny

newv;
Hence B[, (A U (w\ AL)) > 1 =37, V2en >€* >0, but
Bl (w\AL)=1-E,(AL)=1-1=0,
hence necessarily A.- is infinite. Os.3

Let p® be as in the Subclaim 5.3. Let Gp, be a generic subset of P, to
which p® belongs. So A = A.+[G] be infinite. For k € A, let b, = {¢ €
[sks Sk+1) | P € G}. We know that [bg| > (sg41 — sx) - €*. Let T[G] = T.

If £ € A, then there are (sgy+1 — sg) - €* many ( € [sk, Sk+1) such that
p; € Gand p; IF TN 2 C a¢, hence TN k2 C Neen, ac as1g(s™) =m* > m.
To reach a contradiction it is enough to show that for infinitely many k € A
there is a bound on the size of T'N 72 which does not depend on k.

sklbl’“_‘ o is at most the probability that if we choose a subset of 7+2

with 27k(1 —8~™") elements, it will include 7N 7%2. If k € A (and these are
infinitely many k, because A is infinite) this probability has a lower bound
£* not depending on k, and this implies that (|7 N 72| |k € w) is bounded
and that hence T is finite.

Now
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More formally, for a fixed k € w we have

el = Hacl¢ € sk, sk+1), ¢ € b}
< |{a‘C|CE [Skask-i-l)aTﬂ Jk2ga<}|
< HaC%2|TN%2Caand |a| = 2%+(1 -8 ™)}
— Ha < 2\ (' 9#2)[a] = 2 x 8™}
_ 27k — | T N %2
- 2k . g—m"
2k 2k
By definition we have that s;1—s, = ( o . (1 —8_m*) ) = ( o . g—m* )
Hence
( 27k — | T N %2 )
b 27k . g—m’ 9Jk g—m*
s |k—|3 < 2k - H (1_ 2k — g 77
ket k ( . . ) i<|TNIk2|
2k . 8—M
Let ix(*) = min(|T N 72|, 2% ~1), so
b 27k g—m"
ceb s T (%)
Skl T Sk i<|TN k2| ¢
2jk8_m* _ —m* \ig (%)
< II (1—2T> =(1—8 ™)),
i<ig(*)

So we can find a bound on i (*) not depending on k:

: log(e")
i () < W-

Remember m* > 10, so 1 — 8™ € (0,1)g. So for k large enough,
: : log(e*)
TNIk2| = < —————
This finishes the proof. Us.o

So, how do we get a proof of 2.11 from 5.27 We have to show that
our members of K as defined in 2.2 Part 2) behave like members of K3 at
sufficiently many points in the domain of the iteration, that is we have to
define suitable E!, and 7.

Now we shall look at several iteration lengths x at the same time. Recall
the definitions of g,, E?, Agﬁ +¢ from the beginning of the proof of 2.1.

For @ = QX as in 2.2 Part 2) we set QX = PX = P, (of length x + u!);
for A C x + p, we let Py =P, ,.
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Recall our choice of memories from the beginning of the proof of 2.1:
gy X — [u]<* such that g, C g, for x < x’ and such that every point has
X preimages uner g,. From the g,’s we defined:

foré ep EY = {a<x|&gx(a)},

AV e = EfUDGx+9)

X — X
We have that A} Nx =A% Nx.
First we need the following

Lemma 5.4. 1. If £ <+ < pu then in QX

/ — /! < !
(a) P (XNAx+)UDx+E) — P EXU[x,x+¢€) <P x+€

(b) ifge P andql (ByU[x,x +&)) <p€ PIE'YU[XaX'i'f) then
pUq T (IgQ)\ (ByUx,x+§)) € Py ¢

is the least upper bound of p and q.

2. If x <X, then
/ !
Py oo +n) <P
and P, ., XU +p) DY B where b= hXX s the
canonical mapping, i.e. h: x + p — X' + p be the identity below x and

hix+a)=x"+a for a < p.

is isomorphic to P>I<’

Proof. 1) By 2.6 and 2.7. For 2): Like in 2.7, it is easy to see that P),c’ )<

XU sx +E

P}’< Ul ) B8 enough types (see Lemma 2.7) are realised in x. Os5.4

Theorem 5.5. For QX as in Definition 2.2 Part 2) we have that (**) ox
holds.

Proof. Given p*,T,m,E as in 5.2, we choose & and p'c as in 5.2 (at the
end of 5.2), ¢ as in 5.3. We let w¢ = dom(p;), and w be the heart of the
A-system. Note that we may choose p’c such that we \ x = w \ x, which
allows us to avoid 4.2(f). We now do so. We even might choose p'c such that
we \ {B¢} = w, but this does not lead to a further simplification.

Let

w\x={x+mlnen,vo<m<-<yp1.

We can replace x by x** using EX™" and thus (by 5.4) get counterexam-

ples to (*x) 5, +x with the same ¢, £, and with RXx (p'C),

+k
RXoX ”(w) \X+k = {X+k + Yn |n S n*},'y() <7 <o < Ypx—1,

Qx

A +k+1 +k
and with A§+k+1+7 Nxtk = A;+k+7 N xT* for v < p.
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Now, fixing (v, |n < n*) and &, we prove by induction on n < n* that
for every k € w (k < n* would suffice), for QX" and for v, ..., Yn_1, @,

and (p}|¢ € w) as above, we can find a suitable modifications P(n) of our
xHk

original forcing PX and P(n)X+k+7 +1

(,5;-{-19 +n+1 )tET such that

e demand (e) of Definition 4.2 holds for (ay|f € w) = (fpo---0 foo
pxx (v9) | £ € w), i < i* (from 5.2 1., only the part before y is con-
sidered). The f; are the “shuffling” maps coming from the Léwenheim
Skolem argument below. and such that

e (f) and (g) of the Definition 4.2 hold for every n < n* for (ay | £ € w) =
{(Xt* + 4, | £ € w) (so ay is constant) and thus to get the next step in
the iteration according to 4.6, and

e though 4.2 (b) is not fulfilled for o* = x1* + u, k > 1, the original
ng € "2 are still strong enough to code the arguments of f,o0---0 fyo
hX’XJrk(p’c), ¢ € w, according to the (5.1) in 5.3. Look at the 'yf to
be treated there and at fy,... fp»—1 and at hX’XM, how they shift the
supports of the p’C.

-names for a finitely additive measures

Then we can carry out the proof of 5.2 and of 5.3. In the end we shall
first show (%) p(+)x for some modified P(n*)X and mapped p'c, however with
ther same yu, same 7, ...¥,+—1, and possibly modified 3¢, T', t. Thereafter
we shall read the automorphisms and bijections in the reverse direction in
order to get (**)gx -

In order to proof the claim “for all k € w, QXM can be extended by
(Ea)an—}—k 4n te7 Tespecting the whispering conditions at X+ v, .,
x** + v, and such that (¢ |f € w) = (x™ + 7, |£ € w) satisfies (¢,n,)
(for the same fixed ¢t € T, n < n*, with n,, = |A N x| + n, not depending
on k) (let us call this: stage n + 1)” , we shall use “for all k € w, Q¥
can be extended by (Ea)an+k+1+% respecting the whispering conditions at
x40, o, x ¥ 4,1 and such that (o | £ € w) = (x ¥+, | £ € w)
satisfies (¢,n,) for n < n* (let us call this stage n)”, a Lowenheim and
Skolem argument and the uniqueness of n in (d) of Definition 4.2.

To carry out the induction: For the stage n = 0, k € w (kK = n* would
suffice, because we need to be able to descend n* steps in the k’s) we stipulate
that v—_1 + 1 = 0 and just let 5; +& be a P yr-name for a finitely additive
measure on w such that the condition (e) of 4.2 is fulfilled for the blueprint ¢
and the interesting instances of (o | { € w). In the step from stage n to stage
n + 1, for x**, we apply the induction hypothesis to yg < - < 7,1 and
xTFt and (fF20.. -ofé“+2+"*1ohx’x+k+l+n (pg) | € € w), (the ff are got from
the induction hypothesis, see below, where we get f5!) and thus we get a
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-names (Z!

+k+1
X . ..
P Bkt +1)te7’ for finitely additive measures as

X dyn 141
required, i.e. the whispering conditions hold for A Ikil gy TS T
Though we only have 2 > vy, the injective codlng of the indices in the
iteration length x 4+ g by 7index € 2% works not only for the original Q

FE oo TN o (),

but also for which is isomorphic to a

complete suborder of QXN.

+h+1
:t . ..
There is a PX bk, HAME By for a finitely additive measure on w

extending = :X+k+1 + .+ This is proved as in 4.5 and 4.6, because there are

—1+1
. . . +ht1 .
no “whispering tasks” (i) of 4.2 about the Ai‘( +k+14,, in the stretch between

x A+ 4 4,_1 +1 and xT*+! 4 4, and no new instances of (g) of 4.2 as well.

Now we come to the crucial step from x #1414, to x* 4+, + 1. Let
My < My < (H(z:b), €, <:ﬁ)a

where 1 = Jo(x )"

. . _ +k+n+1
For abbreviation, set f' = fit2o... fEt2tn=l o pox™

, and we use
f! also for the function which arises by putting hats over all objects on the
right hand side.

(¥)1 the objects (Y0, .- Yn*—1), (gy+ |l € W), (hx+k’x+k+1 |k € w),

_ +k _
o X6 (B 1€ < @), QX [k € )y (BYS [ € ) (B, rer
f!(T) = B(({truth value(f'(d¢) € T(y,)) | £ € w)) belong to M.

(*)2 IMo]| = | M) = xt*, xTF + 1 C My, My € My, ™5 (My) C My,
max(p,k) (M) C M;.

Claim: There is an injective function fA+! from (x™*+! 4+, + 1) N M,
to xT* + v, + 1 such that

(@) fEF (™ + ) = xTF + 5 for v < vy,

(b) f51 maps (xTF+1 + 4,) N My onto A _and

(€) gy+i (FRTH) Nyn = gyrisr (@) Ny for o € ATFHL N My, fe. for y €

+h kL
Yoy @ € XN My (fit () & Ax+k+ cad Ax+k+1+7)

Proof of the claim: Since My € M; we have that [x 51 N (M \ My)| =
IxtE+t N M| = |xT**! N Mp|, and considering types as in the proof of 2.7
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we get for any ¢ €"! 2, with E® = E, E' = xTF\ E,

b ) @] <
m<n+1
SN L
m<n+1
‘Mon N @)™ = ™, and
m<n+1
‘MOOX—Hc—H — oy tE,

Hence we can find an f¥*! fulfilling the requirements (a), (b), and (c).
Hence the claim is proved.

Now we change the forcing orders accordingly: We set P(O)XJHc = px**,
As in 2.5 we can define a structure P(n)x+k by
EL (P — )Xy N My 2 P(n)X
and can extend f¥*! onto the space of (P(n — 1)X+k+1) N M;-names.

From f5t1o f' o BXx ™" (y 4y )) = x4 4, we get that (o[£ €
W) = (x* + 7 | £ € w) still satisfies (¢,1,,) (see 4.2(d)) for P(n)x+k for

every m < n*. Moreover, ff+lo f' o RXX™ " (3 4 4} = x T 4 4, is the

argument where (ff+1o f'o hX’X+k+n+1(p'<) |¢ € w) is treated as in 5.2.

Now we prove that P(n)x+k satisfies the conditions at vg,71 ... Yn:
First, for m = n, we have that 5;k+1+% isin My a P(n — 1)X+k+1 N M;-
P("’l)xi:ﬂ +h1
name, and its restriction to P(w)Y XTI A M is a P(n — 1)§<<+k+1+%ﬂ

—_—

M;-name. We get that f71f+1(§;k+1+7 ) I My =

paragraphs) is as required: We write only f for

.=t _ =t
: ,‘dxk+,yn+1(— E' in the next
/f"'l in the proof of this

claim so that the notation be slightly less clumsy.

. +k . oy
We show that it isa P (n)§ gy, 4 17AIDE for a finitely additive measure on
X+k

P(n) 4k
. AX . +h
w such that its restriction to P(w) in V xth+m is a P(n)xx+k -name,
+k x ety
so condition (i) of 4.2 is satisfied: Let 4 be a P(n)’:lﬁ,c -name:
xTE 4y,

where f~1(4) € M.
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Hence

~

FENHTIA)) = FE(f ()

and where S'(f~1(4)) € My. Hence f(E!(f~1(4))) is an f" (Mo 0 (1 +

Tn)) = A;+k+7n-name.

+h

For m < n the claim that 5;’“+7m+1 = E;’%%H [ (P(w) in VP(n)§+k+7m+1)

is a P(n);‘iz oy 1-DAIDE for a finitely additive measure on w such that its
P,
restriction to P(w) in V Htotym s a P(n)X:ik -name, follows from
" X+k+1 X"rk xHE+ym
In (Ax+k+1+7m) = Ax+m+7m for m < n.
+k
Hence we have =! which are P(n)X -names respecting

~X+k+1+')’m+1’ X+k+'Ym+1
the whispering conditions 4.2(i) at x** + 7o,...,x™* + 7, (which where

needed in the premises of 4.6 1)), and the inductive proof is finished.

Now we perform the induction with starting point RoX " (P) and get f3°,
vl fL and k= fL oo, f i= kohXXT" | After
n* induction steps, we have that the mapped forcing k" PX™" = P(n*)X is

=t *
expanded by measures B, 1, n <n’.

So the proofs of 5.2 and 5.3 go through for the modified forcing and the
mapped objects: f(T'), f(p¢), f(¢t) (blueprints), (f('yf) |i < 4*) (the domain
of f(p;)). Hence the proofs of 5.2 and of 5.3 show that there is no perfect
tree in the intersection of the mapped trees. So f (T) is not perfect in the

. . *\X
generic extension VP

We have that X s a complete embedding, and that in each step

P(n)x" is isomoprhic to P(n — 1)X+’c+1 N M, which is is a complete subor-
der of .

+h+1 . .
P(n—1)X (because M; < Hy and all antichains are countable and

“M; C M;.) Being a perfect tree is absolute for ZFC models and hence
n* + 1 applications of [13, VII Lemma 13] the condition

P lFpayx © f(T) is not perfect in the generic extension VF(")*»

implies that some condition in G forces that T is not a perfect tree in V.
Thus (**)g is also proved for the original Q.

Us.5,2.11,2.1
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6. THE CASE OF cf(y) = w

In this section we show a version of Theorem 2.1 for the case of cf (1) = w.
The main technical point is: The part of the iteration as in 2.2 Part 2) lying
before x and the part thereafter now are going to take shifts w; often.

This means a slight increase of the complexity of our notation. We are
going to rework the previous three sections and benefit from the fact that
we did some (but not all) work for the class of forcings of 2.2 Part 1). We
shall often only hint to the parallels and give an informal description of the
modifications and strengthenings.

Theorem 6.1. In 2.1, we can replace (cf(p) > Rg and sup(C) = u) by

cf'(u) = w, and there is some X\ such that
w <0 < A<y, and
V' (N) > wi, and
VB eV (IB|"* <X = C ¢ B).

Proof. We first give an outline: We define a member of K (of 2.2) that we
are going to use. Then (after adapting 2.6 and 2.7) we get the items («)
to (0) of the conclusion of 2.1 and of 6.1. For item (g), we begin with the
analogon of the end of Section 2. Then we slightly modify the blueprints.
Again we can deal with automorphisms of the iteration length. We take
those automorphisms moving only some element o« within one of our wy
intervals [x -, x- (v +1)). So we basically do the old proof in some interval

of the longer iteration. We use that we never required that there are only
partial random forcings after x.

We take x > 2# and « such that 2% > x. Then we define
QX = <Po>¢<7§2ﬁaAga,u’ﬂaIﬂ‘/6 <X'CL)1,0{SX'(U1> eK
as follows:

We take for x < x/

Oxwr = X - W1 — (,u X w1)<)\

Ixn (XY +&) =0 for p <& <y,

Ix o (X7 + ) = gy (X7 + ) for £ < x, v €wn

Vy€ew VB € (uxw) aely 7,x (+1) gywla)=B.
Fora=x-v+& v€w, & € x we set

AX:{® if y=0or&>p,
¢ {(B<x-7&7) & gxun(B)} else.
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Qa = { (w27 <|), if A?;Cv = @,

X
Random" (78 18€4a]  ¢lse.

We adopt 2.4 as follows

Definition 6.2. For Q € K of the special form of 6.1, o < x - w1, we let
AUT(QX [ a) = {f: a — «a f is bijective, and ,
(V3,0 € )
((1Qal < & < Q)] <K) A
(B€ A5 ¢ f(B) € Ag5) }-

Then we have that f is an automorphisms of P, and of P/, (from Defini-
tion 3.2 (c)), and Fact 2.5 holds for K.

Now we get the analogues of 2.6 and of 2.7 (consider types, similarly to
there) and are ready to prove

(") Vallkp,,, “Arxy+ili € C,y € wi} is not null.”

Proof. Let N be a P, ., -name for a Borel null set. Hence for some Borel
function B € V] and for some countable

X={mtewcxu J -v+umx -(v+1),
yews\{0}

Y={wltewtS |J x-vx-v+m,
vewr \{0}
(e, £ € w, (), £ € w, we have that

N = B((truth value((; € 71,))sew, (truth value((y € 7y,))ew)-

Let i(*) < w; be such that x-i(x) > sup(Y). Since cf"()\) > R, we have
that B := Ugc xuy xwn (§) € ([1 X wi ][N,

Since C '\ m,(B) # 0, there is some ¢ € p, i € C \ m,(B). We claim, that
Ty-i(x)+i 18 random over a universe, in which N[G] has a name. (Moreover
regarding V7 and V3, the same remarks as in the proof of (¢’) of Theorem 2.1
apply.) Then the proof will be finished, because then 7, ;)4 ¢ N[G] in
V5[G]. By our construction, we have

[Ta | a€AX

1 |4 i i . . .
TX'i(*)‘i"i 1S the Random X'l(*)+l}_generlc over VPx-z(*H—z_

Since i € C'\ m,(B), we have that V§{ € X UY Vv € w; that g, (&) Z (4,7),

hence V{ € X UY £ € Ayyqi, 50 X UY C A;_i(*)ﬂ.. Since Py

. . . . Pa .
the name N is evaluated in the right manner in V' “xit)+i . Thus the claim

< Plg(Q)

Xi(x)+i

is proved. Osry
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(6) V2[G] |+ unif(V) < |C.
This follows from (¢').

() Vi[G] E unif(N) > A.

Again the item (g) will be the longest part. However, it is almost the
same as our previous work. Put all the 3, of an analogue of 2.11 into one
[x-v+ux(y+1)). Also the extension of x to x' now can be done either
only in the relevant interval where the o lie, or just all over, thus leading
to hXX'.

More explicit, we start as in the corresponding proof in 2.1: Suppose that
(¢€) is not true. In V; there is i(x) < A and p € Py, such that

plrp,,, “ni € “2for i <i(x) A{n;|i <i(+)} is not null.”
A name of a real in V1[G] is given by
n; = Bi(({truth value((; ¢ € 1y, ,) [£ € w))

for suitable ((; ¢, jie| £ € w), i € w, Jig € X + -
We set

X = {ielici(),LewrnxulJx-v+umx- (v+1) [y €w \{0}},
Y = {iglici(),Lewtn(J{x-vx-v+unlyew \{0}}
We show the main point:

In V1[G, (@2)VHze[€€XUYH jg 3 Lebesgue null set.

Since Fa gy, (@) = {(7,y)|x -y +y € Y} we can fix such an o €

(x-w1)\ X that is not inA§-7+y forx -y +y€eY.

Lemma 6.3. (See 2.8.) In V", the set (¥2)V1l7e|€€XUY] pos Lebesgue
measure 0, and a witness for a definition for a measure zero superset can be
found in V¥e+1 for a € x \ X that is not in E¢ for every £ €Y — x.

Now proceed through the analogues of Sections 2 and 3. In the definition
of a blueprint we allow m’ and n’ to indicate in which intervals [y -7, x- (v +
1)) the heart of the delta system (intersected with the Cohen parts for m’)
lies, hence m‘, n’ € [w;]<¥ and m* C n’ in general not as an initial segment,
but inserted according to the type of the heart. (The old n® would be just
the length of our new n'.)

Then we modify 4.2 as follows: In (d) 2. we say n < |n'| and in (d) 4. we
say

if n < dom(m?) & Vl(ay € [x - mb(n),x - mi(n) + u)) © (o € [x -
m‘(n), x - m‘(n) + 1)), and
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if n < dom(n') \ dom(m?) & Vl(ay € [x - mt(n) + p, x - (m'(n) + 1)) &
St € [x - mi(n) + p, x - (m(n) + 1)).

The rest of Section 4 shows that the new X3 has the desired members. In
5.3, the choice of the blueprint has to be modified accordingly. Thus we get
(%) for the modified class K3

Since the analogue of 2.7 holds, we also get analogues to 5.4 and to 5.5
and hence can finish the proof of 6.1 Og1

7. GETTING THE PREMISES OF 1.1 AND 2.1

In this section we discuss how to get the bare set-theoretic premises of
Theorems 1.2 and 2.1.

If we do not insist on (V1,V5) having the same cardinals but just require
(“V1)¥2 C V1, then we can get the situation in the premise of 1.2 for example
as follows:

Take for Vi any model of ZFC and let 8; < v < v/ be regular cardinals in
Vi. We extend V; by forcing with P = ({f | f: v — ¢/, | dom(f)|"* < R¢}, Q).
Since P is w-closed we have that (“V7)"2 C V3. We set

N ={(p.p') €Vi|3f €Va f: B 1,y ! regular in Vi, p < p'}.
Let A\ = min(my(N)), where 7y denotes the projection onto the first co-
ordinate. Then we have that cf'?()\) is uncountable. Let u' = p/()) a

minimal witness that A € mo(N) and let f € Vo, f: A cofipal . Let
C = range(f) € Vo. Then |C|"2 = |\|"2 = X\. Let Z € V5 be the set of
all bounded subsets of C. For any B € V; such that |B|"! < u’ we have that

BN C is not cofinal in 4'.

If we allow cofinalities to be changed, there is the following constellation
with consistency strength 3k o(k) = wi: Gitik [8] shows that assuming
Jk o(k) = w there is some V (got with a preparatory forcing) such that
in V, there is a regular cardinal K > w; and a notion of forcing P that
adds a cofinal sequence of length w; to x and does not add any countable
sequences and does not add any bounded subsets of k. Now we have V1 =V,
Vo = VP, C = the range of the new cofinal sequence, u = K, A = Ny,
I={C"Ck|C"eW,|C' <N}

In order to get (Vi, V) with the same cofinality function, we take a model
announced in the “Added in proof” in Gitik [9]:

Theorem 7.1. [Gitik] Assume that there is a measurable k of Mitchell or-
der k™ + 0, 0 reqular and 0 > wy. Then the singular cardinal hypothesis
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can be violated in the following manner: There is some model V' such that
28 = gt in V and such that there is a notion of forcing P such that P
does not change cofinalities above k and such that in V', k is a singular
strong limit, Xg < cf(k) = 0, 2% = T+ and such that Vz(z € VP Az C
OrdA|z|V" <kt =3y eV(yeOrdaly”” <kt Az Cy)). O

Remark. By [10] the lower bound for the consistency strength is of such a
failure of SCH is between 3k o(k) = k11 and Ik o(k) = kT + 0, and if
6 > N; then the strength is o(k) = k™1 + 6.

Theorem 7.2. Suppose that we have that 25 = k™ in V and that there is
a notion of forcing P such that P does not change cofinalities above k and
such that in VT, k is a singular strong limit, Xg < cf(k) = 0, 2% = 1 and
such that Vo(z € VE Az COrd Alz|V" <kt = Iy e V(yeOrdA ly|V” <
kTt Az Cuy)).

Then there are Vi, Vo such that
Vv Clhh ViG],
(H(&)"' = (H(k))" = (H(x))"1,
(<0V1)V2 C Vl;
V1 and Vo have the same cofinality function,

UL W N =

in Vo there is a subset C of k of size 0 such that C is not covered by
any set in V1 of size less than k.

Proof. Let A= H(x)VIC.

By the “cov versus pp (= pseudo power) theorem” [17, II, 5.4] we get
that pp(k) = 2¥ = k™" in V5, and hence by the definition of pp there is a
(ki1 < 0) € V[G] be a sequence of regular cardinals cofinal in x and an
ideal I on 6 containing all the bounded sets in # such that tcf(][x;/I) =
kTT. That means: There is a <;-cofinal scale (f, | € TT) in V3, i.e. for
a < B €kt we have

fa: 0 — K,
fa(7) € Ky for v €0,
fa <1f5fora<ﬁ€f$++
Vg € [;cqri Ja € kT g <1 fa,
where f <7y g iff {i < 0| f(i) > g(i)} € I. (By [17, VIII, §1] that there is
even a scale with respect to the ideal Jgd of the bounded subsets of 6.)
We set
Vi =VIA, (ki |i < 8)].
Then we have that there is some f, € V¥ that <;-dominates V;:
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Proof: In V, in the subalgebra P’ of the Gitik algebra P that is generated
by H(k)VIC U {(k;|i < 0)} there are only < k1 elements (since the Gitik
algebra P hat the k*-c.c.) and it has the k™ c.c. Hence there are only s
many P'-names for subsets of x in V, so we have that in V; = V' 26 = g+,

Since Cy = {f € %N V1| f £1 fo} is decreasing, of length x** and has
empty intersection, there is some a < k™1 such that C, = 0 and hence f,
that <;-dominates %% N V4.

We fix such an f, and set

Vo= Vl[fa]-

For C we take range(f,). Now all the items claimed in 7.2 are true:

We give a proof of item 5, the others are easier. We show that range(f,) =
C is a set in V5, that is not covered by any set B in V; of size less than «.

Suppose the contrary: B D C, B € V; and |B| < k. We show that
these premises imply f, € V3. We have that (sup(B Nk;)|i < 8) € V.
Since |B| < &, there is some 6y < 6 such that for ¢ > 6, we have that
sup(B N k;) < K.

We set

, sup(BNk;)+1, ifi> 6,
9(i) = { 0, else.

But we have that f,(y) < g(7y) for v > 6. Since that latter is in V; and since
I contains all the bounded subsets of 8 and is proper, this is a contradiction
to fo being <;-unbounded and hence to being <;-dominating over V.
Remark: Unboundedness with respect to <; instead of being dominating
w.r.t. <; would suffice for the proof of item 5 and all other items. O7.9
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