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Exercise 11.1: Let g be a reductive Lie algebra. Show that [g, g] is semi-
simple and that g = [g, 9] ® Z(g), where

Z(g) ={zeg|lr,yl =0Vy € g}
Exercise 11.2: Show that a Lie algebra g is reductive if and only if the

representation ad : g — gl(g) is completely reducible (i.e. it is a direct sum
of irreducible representations).

Exercise 11.3:

e Let g be a simple Lie algebra and let S(—, —) be a non-trivial bilinear
form such that

Bl yl, 21) = B(z, [y, 2])

for all z,y, 2z € g. Show that [ is non-degenerate.

e Assume that g is a complex simple Lie algebra and 8 as before. Show
that 3 is a scalar multiple of the Killing form x(—, —).

e Let g = sl(n,C). Show that x(z,y) = 2nTr(zy).

Exercise 11.4: Let g = sp(2n,C) (cf. Exercise 8.2).

e Show that the set diagonal matrices h in g form a Cartan subalgebra
of g.

e Compute the root system of g with respect to b.

Bonus Exercise 11.5: Let 8 be the bilinear form on C” defined by the
matrix

(Recall that all non-degenerate bilinear forms on C™ are equivalent, we choo-
se B because it is more convenient). Let

o(n,C) = {A € gl(n,C) | B(Az,y) + B(z, Ay) = 0V, y € C"} =
={Aegl(n,C)| AtB+ BA =0}
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e Show that the set diagonal matrices b in o(n,C) form a Cartan subal-
gebra of o(n,C).

e Compute the root system of o(n,C) with respect to b.

Achtung: the answer varies considerably depending on the parity of n!



