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Exercise 8.1: Show that exp : M2(R) → GL2(R) is neither surjective nor
injective.

Exercise 8.2: Let 〈−,−〉 be the standard scalar product on R2n and let

J =

(
0 Idn
−Idn 0

)
∈M2n(R).

The standard symplectic form ω is defined as ω(v, w) = 〈v, Jw〉.
The symplectic group Sp2n(R) is the Lie group of matrices preserving the
standard symplectic form ω, i.e.

Sp2n(R) = {A ∈ GLn(R) | A>JA = J}

Show that TISp2n(R) = {M ∈ M2n(R) | M> − JMJ = 0} and compute
dim(Sp2n(R)).

Exercise 8.3: Let U ⊂ GLn(R) be the Lie subgroup of upper triangular
matrices with only 1 on the diagonal. Show that

exp : TIU → U

is a diffeomorphism.
Hint: Consider the logarithm.

Exercise 8.4: Let G be a commutative Lie subgroup of GLn(R).

• Show that exp : TIG→ G is a group homomorphism.

• Assume the G is connected. Then show that exp : TIG→ G is surjec-
tive.

• Show that G ∼= Rm/Γ, where Γ is a discrete subgroup of Rm.
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